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In t h i s  th e s i s  a v a r ie ty  o f mixed, houndary-value 
problem s, tak en  from th e  f i e ld s  o f e lasto d y n am ics , 
magnetohydrodynamics and a c o u s tic s  a re  in v e s tig a te d *  The 
■work i s  d iv id ed  in to  two main p a r t s .  In  each p a r t  a\ 
d i f f e r e n t  method i s  em ployed.to so lve  th e  in te g r a l  eq u a tio n s  
govern ing  th e  p a r t i c u la r  problems under c o n s id e ra tio n . 
N um erical r e s u l t s  a re  o b ta in ed  and whenever p o s s ib le  
com parisons made w ith  r e s u l t s  tak en  from o th e r  works.
T a r t  X d e a ls  w ith  th e  s o lu t io n  o f  a c la s s  o f Fredholm 
in te g r a l  eq u a tio n s  o f  th e  second k in d  by means o f  a k e rn e l 
approxim ation  tech n iq u e . S ta r t in g  from a ty p ic a l  mixed 
boundary-value problem an a n a ly s is  i s  p re sen ted  in  such a 
way as  to  in d ic a te  th e  th e o r e t ic a l  b a s is  o f th e  method.
The exact k e rn e l o f  th e  in te g r a l  eq u a tio n  i s  re p la c e d  by 
an approxim ate k e rn e l ,  d e riv ed  from a Pade approx im ation , 
which p erm its  th e  s o lu tio n  o f th e  eq u a tio n  in  c lo sed  form . 
N um erical com parisons between exact and approxim ate q u a n t i t ie  
a re  p re se n te d . The method i s  a p p lie d  to  t r a n s ie n t  e l a s to -  
dynamic problem s o f  th e  R e issn er-S ag o c i and B oussinesq 
ty p es  and to  th e  case o f a d is c  r o ta t in g  in  a conducting  
f l u i d .  F in a l ly  an ex ten s io n  o f th e  approxim ation  le a d in g  
to  improved accuracy  i s  d isc u sse d .
The f a r  f i e l d  p a t te rn  produced by a v ib r a t in g  c i r c u la r  
p is to n  s e t  in  an i n f i n i t e ,  p la n e , n o n - r ig id  b a f f le  i s  
in v e s t ig a te d  in  th e  second p a r t  o f th e  work. An ap p ro x i­
m ation to  th e  s o lu t io n  o f  th e  problem , depending upon th e  
s o lu t io n  o f an in te g r a l  eq u a tio n  which a r i s e s  in  th e  problem 
o f d i f f r a c t io n  o f a norm ally  in c id e n te d  p lane wave by a 
r ig i d  d is c ,  i s  found by fo llo w in g  a com plicated  asym pto tic  
a n a ly s is .  Because o f th e  ranges o f c e r ta in  param eters 
th re e  s e ts  o f  s o lu t io n s  a re  found. These a re  combined to  
form com posite graphs o f th e  r a d ia t io n  p a t te rn  fu n c tio n  
f o r  v a r io u s  v a lu es  o f th e  b a f f le  impedence.
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PAST I
THE APPROXIMATE SOLUTION OF A CLASS OF FREDHOLM 
INTEGRAL EQUATIONS FOUND IN CERTAIN 
ELASTODYNAMIC AND MAGNETOHYDRODYNAMIC PROBLEMS
1.1 Introduction
The o s c i l l a t io n s  o f a r ig id  body o f f i n i t e  mass r e s t in g  
upon an e l a s t i c  fo u n d a tio n  a re  o f im portance when c o n s id e rin g  
a wide v a r ie ty  o f c i v i l  e n g in ee rin g  problem s. The d e te rm in a tio n  
o f th e  e l a s t i c  p ro p e r t ie s  o f th e  ground under c o n d itio n s  in  
which i t  w i l l  be lo a d e d .'is  d e s ir a b le  b e fo re  th e  c o n s tru c tio n  
o f b r id g e s ,  dams and o th e r  p r o je c ts .  S im ila r  problems a re  
a s s o c ia te d  w ith  th e  fo u n d a tio n s  o f  m achinery. C om plexities 
in  de te rm in in g  s o lu t io n s  to  th e  problems a r i s e  because th e  
modes o f o s c i l l a t i o n  a re  u s u a lly  coupled-, th e  s tr u c tu r e s  a re  
s e t  on m a te r ia ls  w ith  n o n -id e a l p ro p e r t ie s  and th e  b ases  o f 
th e  s t r u c tu r e s  have i r r e g u la r  shapes. To o b ta in  m athem atical 
s o lu t io n s  i t  i s  n ecessa ry  to  adopt a model. In  th e  model to  
be used in  th e  fo llo w in g  p iece  o f work, th e  modes a re  decoupled , 
th e  m a te r ia l  upon which th e  s t r u c tu r e  r e s t s  i s  a homogeneous, 
i s o t r o p ic  and p e r fe c t ly  e l a s t i c  h a lf -s p a c e  and th e  base o f  th e  
s t r u c tu r e  i s  a c i r c u la r  d is c .
A co n s id e rab le  e f f o r t  has been made in  th e  in v e s t ig a t io n  
o f problems based upon th i s  model. The two c la s s i c a l  s i tu a t io n s  
a re  th e  fo rc e d , harmonic o s c i l l a t i o n s  o f th e  d is c  in  a v e r t i c a l  
p lane  r e l a t iv e  to  th e  h a lf - s p a c e , th e  B oussinesq problem , and 
th e  fo rc e d , harm onic, to r s io n a l  o s c i l l a t i o n s  o f  th e  d is c ,  th e  
R eissn er-S ag o c i problem . R e is sn e r , Cl,2*D, o b ta in ed  s o lu t io n s  
to  th e  B oussinesq problem by assum ing a co n s ta n t s t r e s s  
d i s t r ib u t io n  under th e  d is c  and tc  th e  S e issn e r-S ag o c i problem 
by ta k in g  a s t r e s s  d i s t r ib u t io n  under th e  d is c  p ro p o r tio n a l  to  
th e  th e  r a d ia l  d is ta n c e  from th e  c e n tre  o f th e  d is c .  In  a l a t e r  
work R e issn e r  and Sagoci, £ 3] ,  so lved  th e  to r s io n a l  problem 
e x a c tly  u s in g  o b la te  sp h e ro id a l c o o rd in a te s . B y c ro f t, £43, ta c k le d  
th e  c l a s s i c a l  problems by assum ing th e  s t r e s s  d i s t r i b u t io n  under 
th e  d is c  to  be th a t  found in  th e  s t a t i c  cases and th en  em ploying 
a Hankel tran sfo rm  approach.
The s t a t i c  s i tu a t io n  f o r  b o th  th e  v e r t i c a l  and th e  to r s io n a l  
case has been so lved  by Sneddon, L5,63 ,  u s in g  a dual in te g r a l  
eq u a tio n  approach . Pual in t e g r a l  eq u a tio n  approaches have 
s u c c e s s fu lly  been used by o th e r  au th o rs  in  tre a tm e n ts  o f  th e  
dynamic problem s. Awojobi and G roo tenhu is, have developed 
a method o f su ccess iv e  approxim ations to  o b ta in  fo rm al s o lu t io n s
to  trie govern ing  dual in te g r a l  e q u a tio n s . R obertson , L b ,9J, 
w orking th rough  th e  dual in te g r a l  eq u a tio n  approach s e t  up 
s e r ie s  s o lu t io n s  to  th e  c la s s i c a l  problem s. The term s in  th e se  
s e r ie s  depend upon c e r ta in  in te g r a ls  which have to  be ev a lu a ted  
n u m eric a lly . Each o f th e  s o lu t io n s  o b ta in ed  in  Lt , 8 ,9 ]  a re  
v a l id  only when th e  wave number, a param eter p ro p o rtio n a l to  
th e  frequency o f o s c i l l a t i o n ,  i s  sm all.
Employing methods developed in  th e  th eo ry  o f d i f f r a c t io n  
o f  a c o u s tic  waves, C o ll in s , u  0 3 , has shown th a t  th e  to r s io n a l  
problem i s  governed by a Fredholm in te g r a l  eq u a tio n  o f th e  
second k in d . The in te g r a l  eq u a tio n  i s  v a l id  fo r  a l l  v a lu es  
o f  th e  wave number. However, in T l(3, only sm all v a lu e s  o f  th e  
wave number a re  con sid e red  and an i t e r a t i v e  s o lu t io n  i s  o b ta in e d . 
S ta l ly b r a s s ,C l l ,1 2 j ,  has used a v a r ia t io n a l  approach to  o b ta in  
s o lu t io n s  to  th e  to r s io n a l  problem . He has shown th a t  h is  
r e s u l t s  a re  alm ost ex ac t up to  a v a lu e  o f  th e  wave number o f 
4 . 5 . He has a lso  s ta te d ,  in  th e  same .work, a h igh  frequency  
v a r i a t io n a l  approxim ation  and a h igh  frequency  asym pto tic  
approxim ation . Thomas, [131, u s in g  methods developed by Jo n es, 
[14,151, in  d i f f r a c t io n  th eo ry  has o b ta in ed  h igh  frequency  
s o lu t io n s  to  th e  to r s io n a l  problem . U n fo rtu n a te ly  th e re  i s  a 
d isagreem ent between the  r e s u l t s  o b ta in ed  by Thomas and th o se  
by S ta l ly b ra s s .  num erical c o n s id e ra tio n s  in  1.13"! in d ic a te  th a t  
Thomasis r e s u l t s  a re  th e  more a c c u ra te .
V arious problems r e la te d  to  th e  c la s s i c a l  to r s io n a l  
problem have been s tu d ie d . G ladw ell and Low, [1 6 ] , consid e red  
th e  case o f a r ig id  c i r c u la r  c y l in d e r ,  r e s t in g  on th e  h a l f ­
space , i n i t i a l l y  ro ta te d  th rough  a sm all ang le  and then  
r e le a s e d .  The problem has been so lved  by s e t t i n g  up an in t e g r a l  
eq u a tio n  f o r  th e  Laplace tra n sfo rm  o f th e  a n g u la r d isp lacem en t. 
Num erical v a lu es  fo r  th e  s o lu t io n  o f t h i s  eq u a tio n  f o r  la rg e  
and sm all v a lu e s  o f th e  Laplace param eter a re  o b ta in ed  from 
known r e s u l ts ?  [13 ,1 0 j ,  to  th e  R e issn e r-S ag o c i problem . The 
in te g r a l  equ a tio n  i s  so lved  n u m eric a lly  f o r  in te rm e d ia te  v a lu e s  
o f  th e  param eter. F in a l ly  th e  th re e  s o lu t io n s  a re  patched  and 
a num erical in v e rs io n  o f th e  Laplace tran sfo rm  e f f e c te d .  The 
im pulsive  R eissn er-S ag o c i problem has been in v e s t ig a te d  by 
S h a i l j f lY l .  The d is c  i s  im p u ls iv e ly  tw is te d  and h e ld  in  th e
v a l id  f o r  la rg e  v a lu e s  o f th e  Laplace param eter and th u s  o b ta in s  
a s o lu t io n  v a l id  f o r  sm all v a lu e s  o f  tim e.
' In  a jo in t  paper W illiam s and S h a il , C l8], a p p lie d  th e  
a n a ly s is  o f [1 7 3  to  th e  magnetohydrodynamic problem o f a d is c  
r o ta t in g  in  a conducting  f lu i d .  By in te r p r e t in g  th e  Laplace 
param eter to  be th e  Hartmann number th e  two problems a re  found 
to  be m athem atica lly  i d e n t i c a l .  In  th e  c u rre n t p iece  o f work 
i t  i s  advantageous to  co n s id e r th e  problem o f [ 18]  because i t  
i s  no t n ecessa ry  to  e f f e c t  a Laplace in v e rs io n  in  o rd e r  to  
o b ta in  r e s u l t s  o f p h y s ic a l s ig n if ic a n c e .
None o f th e  above methods o f  s o lu t io n  a re  id e a l .  Some 
can only  be ap p lie d  because o f th e  p a r t i c u la r  geometry o f th e  
s i tu a t io n  o r  because o f th e  form o f m otion assumed. O thers
V / ^
re q u ire  e x ten s iv e  num erical work, f o r  in s ta n c e  in  [16J  a num eri­
c a l s o lu t io n  o f  a Fredholm in te g r a l  eq u a tio n  o f th e  second k in d  
had to  be fo llow ed  by a num erical Laplace in v e rs io n . In  view 
o f  th e se  l im i ta t io n s  and d i f f i c u l t i e s  i t  seemed w orthw hile to  
in v e s t ig a te  an approach which i s  b o th  r e l a t iv e ly  sim ple and 
a lso  a p p lic a b le  to  a wide c la s s  o f t r a n s ie n t  problem s, o f  th e  
type d isc u ssed  above.
The work w i l l  be d iv id ed  in to  th re e  p a r t s .  F i r s t  we 
w i l l  develop th e  b a s ic  te c h n iq u e . S ta r t in g  from a g e n e ra lis e d  
R eissn er-S ag o c i problem in  th e  Laplace tran sfo rm  p lane we w i l l  
apply  Hankel tran sfo rm s to  o b ta in  a dual in te g r a l  eq u a tio n  
r e p re s e n ta t io n  and then  fo llo w  N oble, [ 1 9 J ,  to  o b ta in  th e  
governing  Fredholm in te g r a l  e q u a tio n  o f  th e  second k in d . The 
exac t k e rn e l o f  t h i s  eq u a tio n  w i l l  be re p la c e d  by an ap p ro x i­
mate k e rn e l ,  c o n s tru c te d  in  a manner su ggested  by P a rto n , £20] ,  
which y ie ld s  an eq u a tio n  so lv a b le  in  c lo sed  form . The 
approxim ation  w i l l  be a p p lie d  to  v a r io u s  problems and th e  
r e s u l t s  compared w ith  known r e s u l t s .  In  th e  second p a r t  o f  
th e  work th e  b a s ic  techn ique  w i l l  be a p p lie d  to  v a r io u s  
B oussinesq  type problems and once again  th e  r e s u l t s  o b ta in ed  
compared w ith  known r e s u l t s .  A sim ple means o f g e n e ra l is in g  
the  b a s ic  approxim ation  and consequen tly  im proving th e  accuracy  
o f th e  r e s u l t s  o b ta in ed  w i l l  be d isc u ssed  in  th e  f i n a l  p a r t  o f 
th e  work.
i» a .basic R orm uiation.
Take a s e t  o f  c y l in d r ic a l  p o la r  c o o rd in a te s  ^  ) and a1
su rfa c e  S such th a t  S l i e s  in  th e  p lane  Z = 0 . Let B denote th e  
c i r c u la r  re g io n  on S d e fin ed  by ( o < t  ^ 0 4  <p<ttT)* We assume 
th a t  an axisym raetric fu n c tio n  OC ( ^  , 5  ) i s  known on B and th a t
on S o u ts id e  B we may tak e  to  be zero* The v a r ia b le  s i s
a  param eter o ccu rin g  in  th e  eq u a tio n  to  be s a t i s f i e d  by 
We re q u ire  in  2  "5-0 th a t  ) s a t i s f i e s
L ~ L / o ) x ' ) i  -4- 'f'%. = O
C>p\' ^  f*  (1.2.31)
s u b je c t to  th e  boundary c o n d itio n s  i
( i )  =  F c ^ s )  , ,  C o  ■£/*<*'>; ( 1 . 2 . 2 )
where F{ p>^S) i s  a p rescr ib ed  fu n c t io n  o f  p  and S ’,
( i i )  V X C o o ^ s )  =  o  ( 1 . 2 . 3 )  
> £  '
and ( i i i )  ) —* o  f o r  a l l  r e a l  s a s ( 1*2. 4)
In tro d u ce  th e  Hankel tra n s fo rm a tio n  o f o rd e r  u n ity  d e fin ed  
by ( Sneddon C 2 |3  )
*  j  ^B-pC
( 1 . 2 . 5 )
and n o te  th a t  
.00
Mur
f +U £ X  ^  •
f  )  n  1 ( 1 . 2 . 6 )
;ip ly  eq u a tio n  (1 .2 .1 )  by ^  0 f t p )  and in te g r a te  w ith  re s p e c t
to  /*> from © .to  • Then u s in g  ( 1 .2 .6 )  we f in d  
/
Hence a f t e r  u s in g  (1 .2 .4 )  we may w rite ;
% ( ? , * / >  =  A f e i l  1 1 .
J  ( j \ £ )
Apply th e  Hankel. in v e rs io n  theorem  so th a t  we hava
M p * ,  s )  = r 2^  ^SLSXp
Boundary c o n d itio n s  (1 .2 .2 )  and ( 1 .2 .3 )  may now he w r i t te n
Oo
E quations (1 .2 .1 0 )  and (1 .2 .1 1 )  may he w r i t te n  in  th e  form 
co n sid e red  in  Appendix A i f  we w rite
and w rite
=  \ +    - >  \
j i r + g ' )  v / ( / % . s*> ;
~  \ -*•
Since H (^ S “ ) now s a t i s f i e s  th e  re q u ire d  c o n d itio n s  namely
(1 . 2 ..8 )
(1 .2 ..9 )
(1 . 2.10)
(1. 2.11)
(1 . 2. 12)
and ( i i )  H (0 , 5  ) i s  f i n i t e
we may apply  the. a n a ly s is  o f  Appendix A ta k in g  I and <* -  
o b ta in  (cf;A 23)
/ \ , ( X s3  ~
(1. 2..13)
le ;
=• J (x, S*) /Ol»v A x .
(1 .2 .1 4 )
\
where 0 ( x , s ) = ' 2 .0 , <x,s) / 7 T  and (cfA24) s a t i s f i e s  the; Fredholm 
in te g r a l  eq u a tio n
f t  <*,s> + (^X.S'3 AX* a,. 1  f f  j x n s  l o
K  t t * A *  J 07 £ / )  '
c  Gkx,S>>(b 4 x < l')  (1 . 2 .
where the. k e rn e l K(*/A, S ) i s  g iv e n b y  ( c f  . Al8)
00
K C x ^ S )  — 2=- I W (£ A  X ? c i^  .
'Tr Jo (1.2.16)
Thus th e  s o lu t io n  o f  our mixed boundary v a lu e  problem has been 
shown to  depend on the. s o lu t io n  o f  ( 1 .2 . I p ) .
U n fo rtu n a te ly  an ex ac t s o lu t io n  o f  (1 .2 .1 5 )  i s  no t known 
and th e re fo re  e i t h e r  num erical, o r  approxim ate, methods must be 
employed. Because o f the. n a tu re  o f  th e  p h y s ic a l problem s to  be 
co n sid e red  below, a num erical approach i s  n o t v ery  good since: i t
would involve; la rg e  q u a n t i t i e s  o f  com puting tim e . «Te th u s  op t f o r  
an approxim ate method bu t w i l l  n o t e n t i r e ly  n e g le c t num erical methods 
s in c e  such s o lu t io n s  may be used, as; at guide to  th e  accuracy  o f  our 
ap p rox im ations. To t h i s  end we have developed a computer programme 
f o r  th e  num erical s o lu t io n  o f  eq u a tio n s  o f  th e  type; ( 1 .2 .1 5 ) .  (Seeo. 
Appendix B).
Before in tro d u c in g  th e  method w& use to  so lv e  (1 .2 .1 5 )  i t  i s  
u s e fu l to  in v e s t ig a te  th e  k e rn e l K(>c^ )• Let; us w rite , (1 .2 .1 6 )
in  th e  form
and tak e  . Set at.-max(x,A) and b=min ( x , X )  th en
S u b s t i tu te  t h i s  id e n t i ty  in to  (1 .2 .1 7 )  and s p l i t  th e  in t e g r a l  in to  
two p a r t s .  C onsider f i r s t
-  -  Gc k)K f  \  - j i X ? )
J I  K / v V  1
o
(1..2.X7)
we w rite
~  L  (  + V \t (cxJ ) ”3 7 ( ^ 5 ^• X , ' 3* * * I X
( 1 ..2 . 18 )
c>o
where. Hi. (*£.) i s  ai Hankel. fu n c tio n  o f  th e  1 s t  o r  2nd type  aa; n~l. o r  2.*
4.
= s '  I
J o  '
j = 1 ( r r 2 . ( 1 . 2 . 19 )
There, are-tw o  p o s s i b i l i t i e s  ( i )  q o , ( i i )  q*Co.. In  t h e - f i r s t ;  
case we. w r ite
( 1 . 2 . 20)
s in c e  th e  in te g ra n d  i s  re g u la r  on ana w ixnin u xne conxour snown 
in  f i g .  1 .1 .  The convergence o f th e  in te g r a l  a long  C i s  ensured; 
s in c e  a > b .
f i g .  1 .1  The con tour C.
I t  i s  r e l a t iv e ly  sim ple to  show th a t  c o n tr ib u tio n s  to  (1 .2 .2 0 )  
from each o f  ^  and i s  z e ro . Then ta k in g  •>/(!-■*?*) -  —irJCy1—!
f o r  >1 we f in d
t/0
p60^ /
C j j A j j  ^
where K ^ ( - £ )  and I l ( ^  ) a re  m odified  B essel fu n c tio n s  o f  th e  2nd "v, *
and 1 s t  k in d  re sp e c tiv e ly *  N ext, s t i l l  keep ing  ^ , we have
'c*
( i  -  J g i  ■) VIJU ( a s e ) ~ 3 ^ .  O t e z ' )  = o  
V fe'+o ( l .  2.22)
where C i s  th e  con tour shown in  f i g .  1 .2 . The convergence o f the:
Vin te g r a l  a lo n g  C i s  once ag a in  ensured  by a>  h .
f i g .  1 .2  The con tour C
The c o n tr ib u tio n s  to  (1 .2 .2 2 )  from each o f  Pt j  a re  zero,
Hence ta k in g  n /  f I - / )  f o r  we have
(jj  - y £ :  )  Hj. (cxy/> Aj j  -h
VCtA^O
£±£1  ( r j  )  K ^ C a ^ y ) J Z ^  ( b s j )  A y  +
( - i y h .  - y }  Y \± ( -x c K y s }~ ^ ( -& y s )  A y  = o  .
j ,  V O - f )  * ( 1 . 2 . 2 3 )
Now H£<-£,> ”3£  0 ^  -  'M ^ C z O  ^  c z ^ ,
Thus add ing  (1 .2 .2 1 )  and (1 .2 .2 3 )  and u s in g  (1 .2 .1 9 )  we f in d
,Co
>0O
c.p -  p \ -  }  ( h± - ( Z p ) + \ \ C^(aiS) (%-L0  c-lyu - t
V (& \v v))o s N ^
+ 2 1 s ' ■y—  Hj!-- « 9 stt)  J tv
(V d - ^
= o
(1 .2 .2 4 )
In  the  second ca se , i . e .  <^<o , we perform  a s im i la r  a n a ly s is  bu t 
in s te a d  o f  th e  con tour C we use th e  m irro r  image o f  C in  th e  upper 
h a l f  o f  th e  p lan e  and f o r  C th e  m irro r  image o f C in  th e  lower,
h a l f  o f  th e  p la n e . The f i n a l  r e s u l t  i s  id e n t i c a l  to  (1 .2 .2 4 ) .
Hence f o r
!< < * > , s i  = - % s  I ~L~sl 
i f  J<jr j ( h f )
l a  '/E&%S’7 o l v .
7  ° y (1 . 2. 25)
Since (£2.23)
where f_, G&) i s  a S truve fu n c tio n  we f in di }
= S. ( L,(s(x+»S) - X ,  (s(x+h)-  L (sIx-aO+ 2 , (stx-Ai)).
% ( 1 . 2 . 27)
I f  we; su b s titu te .:  f o r  K(oc^A, S ) u s in g  (1 ..2 .25) in to  (1 .2 .1 l5) 
th en  we o b ta in
s5 = Q-^ CyS^  4~ 2. ^  0  f^S") \ y — '*sy¥x- A y c /y  dx~f~
t t (  JL JoS f )  '  7
( o ^ < 0 . ( 1 . 2 . 28)
In te rc h a n g in g  th e  o rd e r  o f  in te g ra t io n  in  (1 .2 .2 8 )  and w r i t in g
~S- fcy*,s; f o -  p < ^ XxJiRc< A ffi(A,syjA + 4 ^
( 1 . 2 . 29 )
we th en  have
0 Cx,£)=(?C*,s) + % - J — S T C x ^ s ^ c J y  }
7T
C «*x< 0  . ( 1 . 2 ..30 )
Since x * * * k P  i s  a con tinuous fu n c tio n , th e  mean v a lu e  theorem  
fo r  in te g r a ls  may be a p p lie d  to  ( 1 . 2*30) so t h a t ,  n o tin g
f - i
we f in d
(?<xys^ 4--^- (XjO<jSj ^
( 1 . 2. 31 )
where oC. *= • 1^ we. knew £< then  perhaps a s o lu t io n  o f th e
in te g r a l  eq u a tio n  could he found. U n fo rtu n a te ly  t h i s  i s  no t p o ss ib le , 
However i f  oC were sim ply o f th e  form an ex ac t s o lu t io n
o f ( 1 . 2 . 31) could be o b ta in ed  as fo llo w s : d i f f e r e n t i a t e  (1 . 2 . 31) 
tw ice  w ith  re s p e c t to  *30 to  o b ta in  a d i f f e r e n t i a l  e q u a tio n  f o r  
which may th en  be so lved  to  g ive 0  (* ,$ ) •  The f i r s t  d i f f e r e n t i a t i o n  
o f  ( 1 . 2 . 31) y ie ld s
= S - 'o s s )  +oC~ C - £ ^ ‘X  Ah +
+  c$W ,x: J  e  cXX ) •
34 , (1 .2 .3 2 )
D if f e r e n t ia t io n  o f t h i s  e q u a tio n , a f t e r  ai c e r ta in  amount o f 
m an ip u la tio n , givesj
$ V , s - >  = '■yS) . ( 1 .2 .3 3 )
Then in te g r a t in g  tw ice  w ith  re sp e c t  to  X. and n o tin g  th a t
= £ (q ,S V  (1 .2 .3 4 )
I t
4  ‘ ( 1 . 2 .3 5 )
o
th e  s o lu t io n  o f ( 1 . 2 . 31) i s  found as
-  f iC J  & & &  Cx' r t  A t  +
/  3
+  _ a s _ . ^ ,
1+<X,
f r e t s ' )  C t - t ' )  A t  +
+  «■,* J  (rC t,S>  A t  )  (1 .2 .-36)
So we have a s o lu t io n  o f th e  in te g r a l  eq u a tio n  when oC i s  a fu n c tio n  
o f s alone*
The q u e s tio n  now a r i s e s  as to  w hether we can use such a form 
o f 0C to  g ive  r e a l i s t i c  r e s u l t s  and i f  so how we f in d  i t .  The 
second p a r t  o f  th e  q u es tio n  i s  answered in  a p iece  o f work by P arton^  
]L2-Oj on a * tem p era tu re  c ra c k ’ problem where an a d ap tio n  o f P a d e 's  
approxim ation  i s  used to ' f in d  an approxim ate k e rn e l f o r  h is  in te g r a l  
e q u a tio n . T4e proceed hy f i r s t  making th e  approxim ation
The c o n s ta n ts  A0 and b a re  determ ined  by c o n s id e ra tio n  o f th e  two
(1 .2 .3 7 )
fu n c tio n s  f o r  sm all and la rg e  v a lu e s  o f  S
= i - . 4 1
( 1 . 2 . 38)
How f,col= l so th a t  ta k in g  A„= b we have ^  = . Hext
expand f o r  la rg e  v a lu es  o f  y
and
By ta k in g  A =• we f in dG ^
v a lu e s  o f  y . Thus we have th e  approxim ation
(1 .2 .4 0 )  
0( «■* ) f o r  la rg e
\ -  -£r _ 5 _
(1 .2 .4 1 )
%  I'3  C  oca pci-r.-i.SO A ©-? L ilt  c t  -run. cC’tOA
&.. <Xfp/rox C*m xVc o* *f*Oft.cfc-iO‘A
C.li.H. 937 3- 0-;. 0;oi.3- 430- «■•'-0
These two fu n c tio n s  a re  compared in  f i g . 1 . 3 . U sing ^1 . 2 4^1)  we 
o b ta in  a  new k e rn e l
Ob
7T 4, S V l f -
( l .  2 .4 2 )
- s V r r  _  .
” s c AihL sx.  ^ oc < A
4 z  S t
-sx /rr _
*“JL ^ s A  ^ A<x.
(1V 2.4J)
S u b s t i tu t in g  t h i s  k e rn e l in to  (1 .2 .1 5 )  le a d s  to  th e  in te g r a l  e q u a tio n
0 ( * ,s >  =  + X - U , s _ > S; jzS)
: ( 1 . 2 .4 4 )
Thus by comparing (1 .2 .4 4 )  and. (1..2..31) we f in d  e i - s / S T  .
We have a lrea d y  no ted  th a t  ( l .2 * 4 l )  i s  a v ery  good approxim ation ., 
L et us now examine th e  e f f e c t  o f  th e  in te g ra t io n  f o r  th e  k e rn e ls  
on th e  approxim ation . I f  we w r ite  S ;j=3c+A end S L ^ /x - A /  th en  
th e  fu n c tio n s  K(ve^X S ) and K ( x.A ^ S ) can be expanded as  powerft
s e r ie s  to  g ive
Kd,X.s') = s_ (-s.(z.-z,) +3=*): 0z,*-4 ) -  . )
^  X  37T ( I . 2 . 45 )
K.c=>; s) =  s . C - s . c v O  ( z N ^ T i  - .  - - V
z  *• ( 1 . 2 .4 c)
Thus th e  k e rn e ls  agree to  C(sl  (2 ^ -^ V )  • A p lo t  o f  th e  two fu n c tio n ; 
i s  p re sen ted  in  f i g .  1 .4  f o r  v a r io u s  v a lu e s  o f  J J:=:Sx anc  ^ JJ*21 $  ^  
and i t  can be seen th a t  th e re  i s  rea so n ab le  agreem ent f o r  sm all s 
b u t th a t  th e  e r r o r  grows w ith  s .  T h is i s  to  be expected  s in c e  we
I T .
r-Pr 4 .
J’T  0+  e x a c t  cxac* a p p r c ^ u ^ t ^
Hv2r?v c ts  *fo~ uarvo'AS sra^ ^ 'iS  erf £*t , .....
e x a  c t^  ’ -  v -  Qtppsax-irJLfrkt. .
to o k  ^  = so th a t  th e  range o f f  f o r  which ( 1 ,2 ,4 l )  i s  p o o ra s t 
w i l l  in c re a se  w ith  s .  However, d e s p ite  t h i s  e r r o r ,  we would s t i l l  
seem to  have at good approx im ation .
The n ex t check must be Ho compare, th e  s o lu t io n s  o f the; ex ac t 
in te g r a l  e q u a tio n , ( 1 . 2 .J-5 )* w ith  those; o f  the. approxim ate one,
E quation  (1 .2 .5 0 )  has been so lv ed  n u m e ric a lly , u s in g  th e  a lg o rith m
to  15* At th e  upper end o f  th e  range the. ro u tin e  appeared  to  f a i l  
s in ce  th e  expansion  c o e f f ic ie n ts  f a i l e d  to  d ec rease  u n ifo rm ily  in  
m agnitude. This i s  p o ss ib ly  due to  th e  poor beh av io u r o f  th e  S truve 
and B essel fu n c tio n s  f o r  la rg e  v a lu e s  o f th e  argum ents. The s o lu t io n  
o f (1 .2 .5 1 )  i s  found, on s u b s t i tu t in g  in to  (1 .2 .3 5 )  s*1*! (1*2*36 )> to  be.
(1 .2 .4 4 ) )  and so we need- to  decide  upon a. G (^ S  ) .  In  th e  problem s 
co n sid e red  below th e  fu n c tio n
( 1 . 2 .4 7 )
hence we l e t
*7T (1 . 2.48)
D efine th e  fu n c tio n  by
(jk  Cx,s) =  ffc f  CS> c^s")
*TT (1 .2 .4 9 )
th en  we re q u ire  th e  s o lu t io n s  o f
'0 ( 1 . 2 ., 50)
and
( 1 . 2 . 51 )
d e sc rib ed  in  Appendix B, f o r  a range o f  v a lu e s  o f s going  from ;*
( 1 . 2 . 52)
o ■T t .^ le a c s A  S<jagmoa
...
L
i.
,
The two s o lu t io n s  a re  compared-, in  f ig *  1 .5  where we see v ery  good 
agreem ent f o r  S ^ |  bu t a. growing e r r o r  f o r  S > | • The im portance
o f t h i s  d if fe re n c e  in  th e  s o lu t io n s  w i l l  depend on what s i s  tak en  
to  b e . In  th e  elastodynam ic problem s s i s  th e  Laplace, tran sfo rm  
v a r ia b le  and th e  fo llo w in g  argument can be a p p lie d ; la rg e  v a lu e s  
o f s correspond  to  sm all v a lu e s  o f tim e , , so th a t  th e  e r r o r  in  
th e  s o lu t io n  ( 1 . 2 . 52) w il l  only  e f f e c t  a sm all re g io n  n e a r  ^  = 0  
bu t sm all v a lu e s  o f  s correspond  to  la rg e  v a lu e s  o f  tim e so th a t  
we may expect good behav iou r f o r  la rg e  and rea so n ab le  beh av io u r 
f o r  medium v a lu e s  o f  *C . In  th e  Magnetohydrodynamic problem we 
have a very  d i f f e r e n t  s i tu a t io n ;  s i s  p ro p o rtio n a l to  th e  Hartmann 
number and th e re  i s  a v ery  d r a s t i c  e f f e c t  because, o f  th e  la rg e  3
e r r o r ,  as w i l l  be seen l a t e r .
We nex t o b ta in  a g en e ra l r e s u l t  in v o lv in g
which w i l l  be u s e fu l l a t e r ._ Now
( 1 . 2 . 53)
In  th e  s p e c ia l  case, when - f  ( s )  we may w r ite  t h i s  as
P1 —
[ « U  = - s f 691
4 , '  T T  ■ </. (1 .2 .5 4 )
I t  should  be n o ted  th a t  th e re  a re  two ways o f i n t e r p r e t in g  th e  
in te g r a l  on th e  r ig h t  hand s id e  o f (1 . 2. 54)* W© may w r ite  '
p ] e x
X t M o U  = A (x  + £ ( a , S - , s :  % ) )  < U
(1 .2 .5 5 )
where ^4©l(A ^ ^  de^ ne<i  (l»2»52)* C all t h i s  th e  t o t a l  
approx im ation . The a l t e r n a t iv e  form which we. name the: p a r t i a l  
approxim ation  we w r ite  as
f x ^ O ^ J V *  f  A ( a  *  f  % (p ,s . - )J y  ) J A
J© Jo
WO
.X-* ^ ( h 7 > sJ J A  .
>V(sx- ^  ( 1 . 2 . 56 )
Now
=  ‘i k Aj S) - t-H o O ^ s)  -
"e^ lA y Clifts) ■+Ht{i>s') +%C£si )
7  r  r
( 1 . 2 . 57 )
so th a t  s u b s t i tu t in g  in to  (1 .2 .5 6 )  we f in d  
J
f  X ^ X S 'jJ iA  =  i -  +  f  Afaa ,s ')  J  A - J L  f X ! ?
Jo • n - v o - ^ v  s a
The d if f e re n c e  between (1 ,2 .5 5 )  and (l»-2.58) has been computed 
(T ab le l.t)  and i t  i s  found th a t  for^<»= / th e  percen tage, d if fe re n c e  
i s  about 0*2$ growing to  13^ fo r£ s =  15* We. conclude th a t  f o r  (1 .2 ,5 4 )  
th e  t o t a l  approxim ation  i s  a c ce p ta b le  s in c e  th e  ease  o f  c a lc u la t io n  
i t  g iv es  f a r  outw eighs th e  p o s s ib le  improved accuracy  o b ta in ed  u s in g  
th e  p a r t i a l  approx im ation .
% s I x w J x  I x f t e J x  Z m ..
0-5 0-33698 0-33688 - 0-02952
1*0 0-34637 0*34571. - 0*19026
2*0 0*37699 0 *37321 - 1-01176
3 0 0*41899 0*40942 -2*33893
•4 ’0 ' 0*46983 0*45220 —3 *89866
5*o 0 *52a 23 0 50080 - 5.47815
6*0 0*59352 0-55496 “ 6-94769
7-0 0*66529 0*61464 - 8-24212
8-0 0*74329 0*67981 -9*33847
9*0 0 '82734 0*75050 10*23876
10*0 0 91734 0-82674 10*95804
15*0 1*45411 1-29164 12- 57812
Table 1 .1
It is very tempting to use a form of total approximation 
for the calculation of , p > i  • If we let
sN -a ,? 1 (1 .2 .-59)
so that we write
cO
(1 . 2. 60)
then the evaluation of ^  {p ) would be eased. However this 
leads to a dependance on the Heaviside functions Y\ f'fc
in s te a d  o f  as  would be expected  from p h y s ic a l
c o n s id e ra tio n s  in  th e  problems below. Thus in  t h i s  case a t o t a l  
approxim ation  cannot be u sed .
The method has now been developed and te s te d  as  f a r  as  i s  
p o s s ib le  on a g e n e ra l l e v e l .  I t  must now be a p p lie d  to  p a r t i c u la r  
problems in  which q u a n t i t ie s  o f  i n t e r e s t  can be found and compared 
w ith  th e  r e s u l t s  o b ta in ed  by o th e r  a u th o rs . This i s  done in  th e  
fo llo w in g  s e c t io n s .
x
1 ,3  E la s t i c  T orsion  Problem s.
C onsider an i n f i n i t e  h a lf -s p a c e  o f homogeneous i s o t r o p ic  
e l a s t i c  m a te r ia l  o f  d e n s ity  and sh e a r  modulus , occupying
th e  reg io n  A ttached to  th e  face  2 * 0  0f  th e  h a lf -s p a c e
and co v erin g  th e  reg io n  B( <1  ^ o ^ ^ < Z 7 T  ) i s  a r ig h t  c i r c u la r
c y lin d e r  o f mass m; th e  rem ain ing  p o r tio n  o f th e  face  - 2 = 0  i s  
s t r e s s  f r e e .  S ta r t in g  a t  tim e a r o ta t io n a l  motion o f th e
c y lin d e r  s e ts  up in  th e  h a lf -s p a c e  a p u re ly  to r s io n a l  tim e dependant 
d isp lacem ent f i e l d .
From th e  s tra in -d is p la c e m e n t r e l a t io n s  o f  l i n e a r  e l a s t i c i t y  
we s h a l l  proceed to  d e riv e  th e  p a r t i a l  d i f f e r e n t i a l  eq u a tio n  
governing  th e  problem . Now
;  e^ =  i v *  ;  
y  t  ¥  ¥
r  />  ( 1 . 3 . 1 )
where i s  the. d isp lacem ent v e c to r .  We have.
o and so th a t  th e  on ly  non-zero  s t r a in s  in
(1 .3 .1 )  a re
i t S  2. y. ( 1 .3 .2 )
In  c y l in d r ic a l  p o la r  co o rd in a te s  th e  s t r e s s e s  a re  r e la te d  to  th e  
s t r a in s  through th e  law .
( 1 . 3 . 3 )
Wnere '  ' ctliU. ctrc one name ouuouaiivo uuu.
d e l t a  d e fin ed  by
* n = / °  >I ? = c k  ( 1 . 3 . 4 )
S u b s t i tu t in g  th e  s t r a i n  system  ( l . 3*2) in to  (1 .3 * 3 ) g iv es  th e  non­
zero  s t r e s s e s  as
*  / 9 s v ' - y p -
¥  ~ b a e >  ( 1 . 3 . 5 )
In  th e  absence o f body fo rc e s  th e  b o d y -s tre s s  eq u a tio n s  o f l i n e a r  
e l a s t i c i t y  may be w r i t te n
- + - U L #  f  ^ 9  +  ~  ^
dp f* 4$  ■ f>  ( I . 3 . 6 )
^  p$> -f-J- ■+• ^fisL- = / o  fgs
( 1 . 3 . 7 )
^  yOg -t-L c) =■ f>o ^
^ 2  y© ( 1 . 3 . 8 )
where *=• £> P  fo
2 ?  C1
Since and a re  b o th  zero  e q u a tio n s , (1 ,3*6 ) and (1*3*8) a**e 
s a t i s f i e d  i d e n t i c a l ly .  The second o f th e  b o d y -s tre s s  eq u a tio n s, upon 
s u b s t i tu t in g  from ( l . 3 . 5 )  ^le a d s  to  th e  fo llo w in g  eq u a tio n  f o r
where M r / I * '  i s  th e  sh ea r wave speed.
Thus we w ish to  so lve  eq u a tio n  ( l .3 « 9 )  fo r  ^5 su b je c t  to  
th e  boundary c o n d itio n s
o , t v - y >
(1. 3.10)
and
• # ( ^ 0 , ^ = 0 ^  c i< /> >  ( 1 . 3 . 11)
(1. 3.12)
,  Co4-p}
- (1 .3 .1 3 )
O 0 6  y O ^ Z 1 -♦ oo (1 .3 .1 4 )
I t  i s  convenien t a t  t h i s  p o in t to  s e t  and w rite
Yf t  and 4 ^ ? )  = ,f o o
Then th e  mixed boundary v a lu e  problem becomes
+  - \ 4 .  +  =  i Y .
V *  r  y  /* ’ ■ ‘)* a  ^  ( 1 . 3.1 5 )
'*') = P - f c r )  p fo4yO <l} (1 .3 .1 6 )
\_VC=>Z,o) = 0  ,  Co4v°)
(1 .3 .1 7 )
V ( a z ,o 3 = o ^  Co^^£>3 ( 1 . 3. 1 8 ;
Cl <y°> (1 .3 .1 9 )
and v</», —? O  as 4- ■£ —  ^ cO
/°
(1.3.20)
by
In tro d u ce  th e  Laplace tra n sfo rm  w ith  re s p e c t  to  d e fin ed
p o o
- S '*
=  v (1 .3 .2 1 )
and n o te  th a t
= - s v f e s , © )
^ 0 : (1 .3 .2 2 )
Apply th e  Laplace tra n sfo rm  o p e ra to r  to  (1 .3*15) th ro u g h  (1 .3 .2 0 )  
and we o b ta in
t i
>5 P ^
+ X > £  -  £  = s V/”■ /° v r (1 .3 .2 3 )
=  y s - f c s ’i (1 .3 .2 4 )
<V o,s} - O
S s  /
a y ) ( 1 . 3 . 25)
and as
/ °
■j. JL.*f- x  —^ £ 0 ( 1 . 3 . 26 )
E quations (1 . 3 .23 ) to  (1 .3*26) d e fin e  th e  problem co n sid e red  in  
s e c t io n  1 . 2 . We w i l l  now apply  th e  approx im ations o f  th a t  s e c t io n  
to  s tudy  th e  motion o f th e  h a lf -s p a c e  f o r  th e  fo llo w in g  th re e  modes 
o f e x c i ta t io n s
(a )  a t  tim e .-£-=0 th e  c y lin d e r  i s  im p u ls iv e ly  tw is te d  th ro u g h  an
an g le  £  and subsequen tly  made to  perform  sim ple harm onic 
o s c i l l a t i o n s  o f frequency  about i t s  a x is  ( th e  c l a s s i c a l  R e issn e r 
Sagoci problem (Sagoci £ 2 3 j) w ith  th e  a d d it io n  o f t r a n s ie n t s )  
o o  a t  tim e t e °  th e  c y lin d e r  i s  im p u lsiv e ly  tw is te d  th rough  an 
ang le  €  and h e ld  in  i t s  d isp la c e d  p o s it io n  ( th e  im pulsive  R e issn e r 
Sagoci problem (S h a il£ l7 3 )  )
(c )  th e  c y lin d e r  i s  slow ly r o ta te d  th rough  an ang le  £ and a t  tim e 
k =°  i s  r e le a s e d  from r e s t  (an  i n i t i a l  v a lu ed  B e issn er-S ag o c i 
problem (G ladw ell and Low £ l 6l )  )
(a )  The c l a s s i c a l  R e issn er-S ag o c i problem .
The d isp lacem en t o f  th e  re g io n  L o f O i s  g iven  by
\ / (a ? o} t t )  =  y  e  H e ir) t  ( o 4 p < \ y  ( 1 . 3 . 27)
where % = io i s  th e  wave number. Thus V C^  s a t i s f i e s
eq u a tio n  (1 . 3*23) and c o n d itio n s  (1 . 3*24) ,  ( l . 3*-25) and ( l.3 * 2 6 )w ith
~  _ J L -
S - / t£  (1 .3*28)
and th e  approxim ate s o lu t io n  o f  th e  mixed boundary v a lu e  problem 
o f s e c t io n  1 .2  i s  a v a i la b le  to  u s .
In  o rd e r  to  make com parisons w ith  known r e s u l t s  co n s id e r 
th e  to rq u e  M (^ )  o f th e  sh ea r s t r e s s  d i s t r ib u t io n  under th e  c y l in d e r .  
Row
=  -2-7T
•'o
( 1 . 3 . 2 9 )
C le a rly  a f t e r  u s in g  (1 .3 * 5 ) th e  Laplace tran sfo rm  o f t h i s  i s
MCs-> *  - T i r y  \  AjD
Jo ( 1 . 3. 30)
But from s e c tio n  1 .2  eq u a tio n  (1 .2 .5 3 )  t h i s  may be w r i t te n
0 ( 1 . 3 . 31)
Combining (1 .2 .5 4 )  and (1 .3*2$) ( l* 3 * 3 l)  we f in d
^  JV£ ( j ! :  +  -S iS  -f- a _  +  - S i  \
S - i £  V ^ O  IS  9  HCs-tfS) /  ( 1 . 3. 32)
Taking in v e rse  tran sfo rm s  i t  fo llo w s  th a t
l i e * )  =  \ U / j  ( I m  +  ( - £ . + £ ) £ ( &
V ^ o  IS
+ ^ _  +  i-Sx *§? )
( 1 . 3 . 33)
X ;
Formula ( l.3 * 3 3 )  f o r  th e  to rquo  c o n ta in s  th re e  ty p es  o f  te rm . 
The f i r s t  two s in g u la r  te rm s, D irac d e l ta  fu n c tio n s  a re  in te r p r e te d  
as; th e  im pulsive  to rq u e  on th e  v ib r a to r  g en era ted  by i t s  sudden 
tw is t in g .  Next comes an e x p o n e n tia lly  damped t r a n s ie n t  term  and th e  
f in a l  b ra c k e t g iv es  th e  stead y  s t a t e  to rq u e  M c (x) n ec essa ry  to  
m a in ta in  th e  m otion o f  th e  c y l in d r ic a l  v ib r a to r .  T his can be compared 
w ith  known r e s u l t s  (Thomas , C o llin s  Cf©3 , R obertson
For low frequency  v ib ra t io n s  expansion o f  th e  f i n a l  b ra c k e ts
in  ( 1 . 3*33) g iv es
rV*£) = \k tu e . I - £  1- — iS* -t .. ,~)
3  S  l*>- Iol (1 .3 .3 4 )
The ex p ress io n  g iven  by C o llin s  CfoD and R obertson may be w r i t te n
= 14 +  H-if? -t- II — 5 i i 8 ?  - f —
3  5  cjtr lo S  1257T (1 .3 .3 5 )
I t  can be r e a d i ly  seen th a t  th e se  two ex p ress io n s  agree to  o f l P )«3 P
and sim ple c a lc u la t io n s  show th a t  th e  c o e f f ic ie n ts  o f  t h e / ^ v ^  and A7
terms" d i f f e r  by approxim ately  /o*s>2./ •
_ ' f ;  ; ~  .
r r ' 3 i ~ t t 3 , ...
: : O o - s  9
O * o o
.................  f - :■
0 * « T 0 * 6 2 . O  • o 2
r : : .
1 - 0 0 * 4 2 O '  o i l
1 ' 0 0  •  7 - 4 0 » 3 4
; . : :  
- •
x s o *  4 5 0 - 5 4
Z ' O 0 * 4 3 o  • 6  4
-  - ...............
■; ; ;■;
i f ‘ 0 O *  /  4 * 0 * 6 7
Et
t '
1*6 . T k e
— -  S o A . t f ,  r o w  C  1 3  3
©   ‘p re s s .v O : tk C o rc ^   +
C.8.H. DC.
In o rd e r to  make a com parison f o r  o th e r  v a lu e s  o f we 
fo llo w  th e  n o ta t io n  in  Sagoci,£lSj, Thomas_,//2j, S ta lly b rase^ j! ''/* !, 
and w rite
M 0 ( r >  =  r  C < r ,+ / i ^ 3  ( 1 . 3 . 36)
where
and
(1 .3 .3 7 )
( 1 . 3. 38)
\
The fu n c tio n s
TTR =  ~7T^) OvwA i - i r t  s  7T
u « k > t € )  i  « $ * ■ + £ )
have been c a lc u la te d  (see  t a b l e t ? )  and a re  shown in  f i g .1 ,6  a lo n g  
w ith  v a lu e s  tak en  from E I3J . I t  i s  seen th a t  th e re  i s  re a so n ab le  
agreem ent w ith  p rev io u s  r e s u l t s  f o r  t  up to  2.
An approxim ation  f o r  th e  d i s t r i b u t io n  o f sh e a r  s t r e s s  under 
th e  c y lin d e r  may a lso  be c a lc u la te d  u s in g  th e  r e s u l t s  o f  s e c t io n  
1 .2 . Now
so th a t  we may w r i te ,  u s in g  (1 .2 ,9 )
(1.3.39)
From (A27) we f in d  th a t  f o r  ( O ^ P < !  ) t h i s  becomes
Jl/ > A
dyo ( 1 . 3 . 4 0 )
With th e  a id  o f (1 .2*49) and ( 1 .2 .52) we: ev a lu a te  (l»3*40) to  g ive
^ (  jh -v -SiL + a. +
. -5T _ — sV *-• Lin / ^
3 (S+5i )  i
( 1 - 3 . 4 1 )
Taking in v e rse  tra n sfo rm s  i t  fo llo w s th a t
( j k  c i - / ^  + S fe a /l+ !2 -r t/>
I - K j v - f - y  ^  & i
-  r  +
-Vc^ ( 2z. + - 5 i l  -  fC' (I -p1'} -4- 2.--cJiR 'i ^
3 ^ 6  1 3  ( z + g 1)  /
( 1 . 3 . 4 2 )
As w ith  M(^) we f in d  th a t  (1 .3*42) c o n ta in s  th re e  ty p e s  o f  
te rm s; s in g u la r  term s due to  th e  im pulsive  tw is t in g  o f  th e  c y l in d e r ,  
a t r a n s ie n t  term  and a f in a l  term  due to  th e  s tead y  m otion o f  th e  
c y lin d e r . Tin.s l a s t  term may be compared w ith  th e  r e s u l t s  o b ta in e d  
by C o llin s  Doll f o r  low frequency  v ib ra t io n s  t £ < < 1 ) .  Expand th e  
f i n a l  b ra c k e ts  in  ( 1 . 3*42 ) to  g ive
+  j £  -  i S f c *
'* -  .-5-V y  ( 1 . 3 . 4 3 )
ifrhe e x p re ss io n  o b ta in ed  in  may be w r i t te n
= * (  > + ffeii* +
TTs/(f“y ° ^  \  ^ ^7 T
"f*' £ ? * "2xfl ( Z*f +lyz>2-')
3 6 o  ^ 5 “ /
( 1 . 3 . 4 4 )
and we see th a t  once again  th e re  i s  agreem ent to  O f lP )  .
U n fo rtu n a te ly  no sim ple form ula can be o b ta in ed  f o r  th e  
su rfa c e  d isp lacem ent on 2 = 0  o u ts id e  th e  v ib r a to r .  However use o f 
th e  ’p a r t i a l  ap p ro x im atio n ’ does g r e a t ly  ease th e  num erica l work 
n ecessa ry  to  c a lc u la te  v(f>?oy r )  . We may w rite
/*»!
V f a O j S )  — j _ 2 l__
4  ( 1 . 3 . 4 5 )
Then n o tin g  th a t  S£c*,s> i s  a cub ic  in  ?C t h i s  becomes
V (pJo , s )  * _ ± J L  f  _ L _  T f c / 1 / ' - H i 0 , s 3 c c o /  4
' -irfs-ifc 4 4 ^ )  ' V 7
< -y i -y,3 y  /
(1.3.46)
s in c e  ^  ( /^S  ) — f,S ) .  T his ex p re ss io n  may he Laplace
in v e r te d  a n a ly t ic a l ly .  However s in c e  th e re  appears to  he no 
p rev io u s  r e s u l t s  to  compare w ith  we have l e f t  t h i s  e x e rc ise  un t 
we co n s id e r th e  im pulsive  problem .
l iL .  The im pulsive  R e issn e r-S ag o c i problem.
This problem i s  fo rm ally  th e  same as (a ) w ith  k s e t  equal 
to  z e ro , i . e .
As b e fo re  th e  s in g u la r  term s re p re s e n t th e  im pulsive  to rq u e , th e  
e x p o n en tia l term  a t r a n s ie n t  to rq u e  and th e  f in a l  term  i s  th e  s o lu t io n  
o f  th e  s t a t i c  problem . For sm all p o s i t i v e - ^  expansion o f (1*3*48) 
g iv es   :_________ _________ ___________
The d if fe re n c e  between th e se  two ex p re ss io n s  i s  o f  about 10$. As
a lso  n o te  th a t  th e  s in g u la r  term  in  (l* 3 * 4 f) d i f f e r s  from th a t  in
as  w i l l  be dem onstrated  in  th e  n ex t s e c t io n ,  must be a t t r i b u t e d  to  
th e  k e rn e l approx im ation , and we must a lso  c o n s id e r th e  s in g u la r  
term s in  (1*3*33) a s u n r e l ia b le .
The sh ea r s t r e s s  d i s t r ib u t io n  under th e  c y lin d e r  i s  o b ta in e d  
from (1*3*43) a s
( 1 . 3 . 4 7 )
Thus from (1 .3 .3 2 )  M( t )  i s  found, as
n o r3 > -  i i e f j  S ix )  a-s J c a
U o
-t- Hce3 
3
( 1 . 3 . 4 8 )
whereas S h a il . w .  o b ta in ed
( 1 . 3 . 4 9 )
( 1 . 3 . 50)
•r-* co  , (1*3*48) reduces to  th e  c o r re c t  s t a t i c  l i m i t , . We
C  3  by th e  p resence o f th e  d e l ta  fu n c tio n  d e r iv a t iv e ;  t h i s ,
r r jQ -p ^ & 3-sr 3
j  s(.O Z f <0  ■
( 1 . 3 . 51 )
S h a il^  0*3, does n o t g ive an e x p l i c i t  e x p ress io n  f o r  when
sg  i s  sm all so we can make no com parison. However when ^  *=<>
we o b ta in  th e  c o r re c t  s t a t i c  l im i t  (B e issn e r-S ag o c i £33, Sneddon l si).
Because o f  t h e .p a r t i c u l a r ly  sim ple form o f t  (S ) in  t h i s  
problem i . e .
.5 (1 .3 .5 2 )
we can u s e fu l ly  a ttem p t to  o b ta in  an a n a ly t ic  ex p re ss io n  f o r V C ^ o ,^  ) 
We s t a r t  w ith  th e  d e f in i t io n  o f  V  S ) o b ta in e d  in  s e c t io n  1 .2
TTS J
(^^ o,s3 * _JL_ y o ' ^ x f  c l f . d ’x-.
( 1 . 3 . 53)
C onsider th e  in n e r  in te g r a l  in  (1 .3 * 5 3 ). By means o f  th e  co n v o lu tio n  
theorem  f o r  F o u rie r  s in e  tra n sfo rm s  ( Sineddon C2.U )  we have
\ 7  -  J^ ( p 7 ^ <^ 7  ~
7  r /  y
,&0
-feo j (c« U yl/ -  C O  Oc-tp?)/ )  d / .
(1 .3 .5 4 )
where
f „ ( y )  =
"7T d
00
d t <
J ( t s g )  '
*  S i .  K / s p r ) ,
*7T ( 1 . 3 . 55)
(E rd e li  e t  a l  6 * 3 ) .  Also
oo
j  - f  J L  ,  o  <c< <p
t
W rite t h i s  as
CJGx) -  J  ^ ( c O  oC *^
5 ^ * °  * f <oc
Thus we f in d
Vfo,<j,s>= ffc£
' T f o
pa1 ^
K ,( ^ )  ^  • d'
( i . :
Since we w ish to  c a lc u la te  y  Cys^o^S )  ^o r I 
may w rite
so t h a t  i
■|Cs^> C 0^.ix.-jrO —^ ( x + v > l  —
K ,(S (x- £ ^ Q  ( z ' i d ^  +
t/o
p /9
uc>
— C Y, Cs c ?  S )  g i (-2'> <A«
+
3 <*5>
q (K", (ste+xy) -  K, C sfexY ) oi-g.
3 . 56)
•57)
(1.3*58)
u o n s iae r xiie u r s i i  m i'ea  j.notJgxwcu.fc> un me n g u ii ucuiu. Biac ui 
we have
K .C s c x -z ^  d 2  •+
r
k ’,( ’sc x + ^ ')  Ji2r -
K . C s c z - ^ V )  <A^
i*V»
f>
(1 .3 .5 9 )
C onsider th e  f in a l  in te g r a l  on th e  r ig h t  hand s id e  o f  (1 *3 , 58 ) ,  by 
s e t t i n g  cj> we o b ta in
r
( 1 . 3 . 60 )
There does n o t appear to  be a c lo sed  form f o r  th e  in t e g r a l  in  
(1 .3 .6 0 ) ,  By adding  (1 ,3*59) and- (1 .3 -6 0 )  we f in d
f  K ,( s y )  ( ^ ( t x r j i )  “*^ C x + y )  J  ol j
Va
ClCi i s C ^ c ^ - y S )  - K ’, ( s ( p d l f i+ x 5 )  )  4 j4
(1.3.61)
Now
©o
K ,(V )  = J  cS ky  j  d i  z > ° )  j
so th a t
VCj <j S ) = 2 £
,1
c R /  (C /s ^ c S ^  ) * £  ( S * a / >  J ;  J :
vo
(1 . 3. 62)
Reverse th e  o rd e r  o f  in te g r a t io n  in  ( 1 .3 .6 2 ) ;  s e t  an(* n0^e
th a t  ^ ( x ^ S  ) i s  a  cub ic  in  ?£, th en  we f in d ,  a f t e r  e v a lu a t in g  tn e
%
in n e r  in te g r a l
i r ^ . - v y
c £ % _  -
S?UI
+  % % $ )  ( A s m ,
—r?s—? r  O  O
5 ' ( 1 . 3 . 6 3 )
Row
V _ \ . -+ J_
3-H. 3(s-Wi) S
5"' N i ^ s )  =  -  S_ +  J_ _  -  _ 1 +  -!—
i  3 < s + S $  S
-  s
so th a t  (1.3*63} may he w r i t te n
TT J
K (sp y ')  I c&st»_
V ( ^ - 0  J s - r t
■+ >kS.S Hh
■+ C \ - J _ }  — _J  (cft.su +£^_s^_') +
s  2-M1  3 ( S + E )  J
+  /ffsM  (  _A_ -  O j  J l4
n f  J
( 1 . - 3 . 6 4 )
ffe w i l l  now tak e  th e  in v e rse  Laplace tran sfo rm  o f  (1 . 3*64) A h a s ic  
r e s u l t  we need i s
- /
(1 .3 .65 )
D ivide (1 . 3*64) in to  in t e g r a ls  acco rd in g  to  in v e rse  powers o f  s .  
F i r s t  we co n s id e r
>00
^ ( - * £ + J L )  + e~ £lJf e -
3
(1 . 3. 66)
Now
/? ! K,cs>] =■ JS— H C r - r t
/ /  J  V f t * - / ) -
(1.3.67)
so th a t  when we in v e r t  ( 1 . 3 . 66) u s in g  ( 1 . 3 . 65) and (1 . 3 . 67) we have 
JL /  W jf ,________________ Ju  4
' ?  7 y y - o i v ^ j  j 1  ^ ^  f * n >
(1 . 3. 68)
Next we have 
00
— f KC^tI O — _U ) oRs« Ju =
s  4 4 y - 6 ' » j j » -  J  0
_  | !✓ / __ \  / .  i \  /  54 -54 <
( 1 . 3 . 69)
Now
/ s ' K , c s y ]  = c ^ - o ^ H t v - i y
so th a t  in v e r t in g  (1 . 3 . 69) g iv es
I r  ^  I _ ( I - I ( Wc'h- +v Vr° ^
J,
■+ J ~  f  I — (1 -  J -  ) *<Lt H<t - ( f i - n i )
( 1 . 3 . 70)
(1.3.71)
The th i r d  in te g r a l  we co n s id e r i s
- _ L _ _  \ K'lfe/g')- C <= .^su +  ysRsu )  lu  =
3fs+43.)>  J
= f°lx- (**0 +i_) +e'SaCl-_L-))x
.oe>
( 1 . 3 . 7 2 )
Now
so th a t  th e  in v e rse  o f  (1 .3*72) i s  found to  he
( 1 . 3 . 7 3 )
(l-_L-') J g J u  W C r - ^ ) ) -
. W - q  J . - A z ' - o  J
( 1 . 3 . 74 )
f i n a l l y  co n s id e r
x f  -« ^  oL .
J p / C ^ - 0  °
( 1 . 3 . 75)
Now
s V qs/  =  <r-«o
( 1 . 3 . 76)
hence in v e r t in g  (1 .3*75) we have
«/H
X
%
0 r  p
I -  ( J_ -_L\ I _2 __C'r+i/-/y2 ‘)o(2 clu //fr-,>-o)
, V ( f - i ) U f  J  U  J  '
3
■ f i  I f ju-X)  3 L -  O r-H -p c izuz.Ml Hcr~f?+0 )
( 1 . 3 . 77 )
But
so th a t  we w r ite  (l*3«77) as 
%
v  W ' 0 1 y -
( r - y r T ^
. f a *
( 1 . 3 . 78 )
Thus g rouping  ( 1 . 3. 68) ,  ( I . 3. 71 ) ,  (1 .3 .7 4 )  and ( 1 . 3 . 78) we have
Vfo<j<r>=s I  r  j — -v +
x
tW ('2J--0
- ^ 21. / X .  -  A  <&’ V  - £ ^ f  f  i + j J w
z V ( f - .0  U j z  /  \  /» j /  3  j p / ^ o  I - j r y
+  H f c y * - o f L  - f j ^ ~ ±
+ ( l  -j_ -f (?-«/> flL -  -O  -“-yeL f /- .l3 cR l f ' £ & ) d i { -
-v /\ y 3—I /  J  2 J 3 -ay7- ^  ' / j f  '
%
3
j l S  C f-.U >
W ( jH ) VfeM) J'i j
( 1 . 3 . 79)
. e*. ssva€r pr©^ **.*-v usiivet
pyr£»e*vt t\u^ctr«j cv.»%c\ wA.cS c^Vo.u\*: A  C vt^J
—  tltfo rjtff  l & l ,  + (V ro*^) X ( X - O ^ )
0  ( X f ^ ^ C )  p>re&ewl: U^Cir^
"We have computed V (  p . O ^ X )  u s in g  f l • 3• T9)• r e s u l t s
a re  compared in  f i g .  1 .7  w ith  those  o b ta in ed  by S h a il ,  D ? J , 
who appears  to  be th e  only au th o r to  have co n sid e red  th e  su rfa ce  
d isp lacem ent p re v io u s ly . The d if f e re n c e s  in  i n i t i a l  m otion may 
be a t t r ib u te d  to  th e  f a i lu r e  o f our approxim ation  f o r  sm all tim e . 
In  f i g .  1*7 we have a lso  p lo t te d  th e  s t a t i c  va lu e  o f  th e  d i s ­
placem ent f o r  v a r io u s  v a lu e s  o f p  and can se e , as would be 
ex p ec ted , th a t  (1 .3*79) ten d s  to  t h i s  l im i t .
( c )  An i n i t i a l  va lu ed  R eissn er-S ag o c i problem .
For t h i s  e l a s t i c  to r s io n  problem we f in d  i t  u s e fu l  to  f i r s t  
g ive a form al s ta tem en t o f th e  s i t u a t io n .  The c y lin d e r  i s  slow ly  r o ta te d  
th rough  an ang le  6  and th en  re le a s e d  from r e s t .  I t  i s  assumed th a t  
d u rin g  th e  en su in g  m otion th e  c y lin d e r  rem ains cemented to  th e  h a l f ­
space and a lso  th a t  then w eig h t, mg, o f  th e  c y lin d e r  i s  su p p o rted  by 
e x te rn a l  means. I f  we l e t 6a) d e sc rib e  th e  m otion o f  th e  c y lin d e r  
th en  we s t a t e  th e  problem as
(1. 3.80)
'  - o
( 1 . 3 . 8 1 )
( 1 ..3 .8 2 )
( 1 . 3 . 8 3 )
O ( t )  = sa r jj I J o
x  cfe A? *2 ^ 2
© C o )= £ ^  © ( o ) = 0 .
( 1 . 3 . 8 5 )
and (1 .3 .B 6 ;
The fu n c tio n  i s  th e  s o lu t io n  o f  th e  s t a t i c  problem
( 1 . 3 . 89)
This has the well known solution p
V06s,o') = %S~ ( J-  - / ( i-JS) ')p  0 < f )
. ' r r  A  A  ( 1 . 3 . 90)
i L M 4 o')  ® ,  f o y « V '
" V  - J ( b ^ )  ( 1 . 3 . 91 )
It is convenient at this point to reduce the problem to one 
with zero initial conditions and also to redefine the time variable 
as Let = g ®<¥) ~ eft//})
and • Then in terms of V'and ©  we, have.
2 y .  + _ L V v  -  Y -  4-~g-v _  V v
V X / °  V  A  (1 . 3 . 92)
v(f> ,-z ,oy  =  © = A _ v f o / z , c o  (1 . 3 . 93)
i f j r
v ( j P,o f (t') *  f>(<S>(<e) - i ' )  ^  ( o < V j  o«/0 </') ( 1 . 3- 94 )
— v fe ° A >  =  ° ^  <e* , i < p )  (1 . 3 . 95;)
'
© C * ))  = i r A  -  A  (1 .3 .9 6 )
© ( 0 = 1  ,  ® < W  =  0 ,  (1 .3 .9 7 )
where A = 3 y  A  A  i s  a d im en sio n less  param eter whose p h y s ic a l 
s ig n if ic a n c e  i s  e v id en t i f  we s e t  f o r  th en  we have
A *
IT  />c
where i s  th e  h e ig h t o f  th e  c y lin d e r  a n d i s  th e  d e n s ity  o f  
th e  c y lin d e r . We see th a t  A i s  p ro p o r tio n a l to  so th a t
la rg e  (sm a ll)  A means th a t  th e  mass o f  th e  c y lin d e r  i s  much l e s s  
( g r e a te r )  th an  th e  mass o f an equal volume o f h a l f  sp ace .
Take Laplace tra n sfo rm s  o f  (1 .3 .9 2 )  th rough  (1 .3*97) th en  we
have
+ J _ ^ £  —2 -
'2y >'t  ~bP ^  V 21  ( 1 . 3. 98)
1
(<&(£> -  L . )  ^  ( c > 4 f < 0  (1 . 3 , 99)
\ j / ( p o , s ) ~  o ,  ( 1 . 3 . 100)
(3>(s>-JL -VTA
^  3 S 3 ' (1 .3 .1 0 1 )
Thus we can now apply th e  r e s u l t s  o f  s e c t io n  1 .2 ,  ta k in g
?(s>= ©eo -J~
U sing (1 .2 .5 4 )  in  (1 .3 .1 0 1 ) we f in d  th a t
© (s') -JL  ■=: — A- — A - (  © C s ) - j3  J lICs^
5  3 S 3  -S2, S ( 1 .3 .1 0 2 )
where
5 5 Os') =  ^  X H a (x?s )  A
Hence the torsional displacement transform of the cylinder is given by
© (s ')  = t  h_______- — *  -L
3 s 3 ( i  +  A 3 £ & A 't>)  s
E v a lu a tin g  u s in g  (1 ,2 .5 2 )  we o b ta in
© ( s )  =  -  A ( s + - ^ _ ....................  ... -v
£  ( s 2 (3 4 ^ ) "+S^£ (3+iJ)tS ^
30  S
Let denote th e  ro o ts  o f  th e  cub ic
*T (s) -  "+~ A /g ) +  s  A +  A
( 3 +  A ^ o ')  3-f-A4>
■where ^  deno tes  th e  complex co n ju g a te , N oting th a t
-  - r e  > L  
3+ AA>
we f in d
© ( s ^ ^ o A .  A g ^ S —  + . S —  +  z *  
‘to+ A  l y(s A '/ / 5- ^ / )  s + y  s - r t *
where
2 . =  y  -  - t ?
Y ( f - * )  O P - y )
Thus ta k in g  in v e rse  tran sfo rm s we f in d  th a t  th e  to r s io n a l  
o f  th e  c y lin d e r  i s  given by
®  (Y> -  f  ( /I zB .  e_V% - s *  ]
t^O + A lyS/y-//* /
( I . 3 .IO 3)
(1 .3 .1 0 4 )
( 1 . 3 . 105)
(1 .3 .1 0 6 )
d isp lacem en t
(1.3.107)
l■fUg I'? T he A/tu^ u-Lcl/t H>isp l a t e © o ^ - f o r  X-^^SZ
: ;  *— .^results V^cr^  presen-b theory
  -f ^ ® . r ^ S u t t s  -provv-u T  I (? J  - f c r r  A = *f- a ac\  33 . r e s p e c t  loelij
P.y ap p ly in g  th e  Routh H urew itz c r i t e r i o n  ( see fo o tn o te  ) to  ( I . 3.-IO5 ) 
we may show th a t  th e  r e a l  p a r t s  o f  y l^V ^Y ^are  p o s i t iv e .  Hence €>(<*:) 
i s  e x p o n e n tia lly  damped and o f th e  form expected  from G ladw ell and 
Low*s r e s u l t s ^  D i 3 .  We have computed (1.3*107) fo r  th e  v a lu e s  o f A 
used in  Ctt'J and f in d  ex trem ely  good agreem ent ( seo f i g .  1 . & ) .
The to rq u e  a c t in g  on th e  c y lin d e r  i s  d e fin ed  to  he
f i ( t /  STjJ Vf  ( p O j t ' )  d
(1 . 3 .108)
In  o rd e r  to  compare w ith  th e  r e s u l t s  o f  m i  we d e f in e  a d im ension less. 
to rq u e  hy
14. yt/£ Q  <X) =  M  ( ' t / p  )
(1 .3 .1 0 9 )
so th a t
Q(‘C')= - S j r  f  o ■+ I
% r  '
( 1 . 3 . 110)
Routh H urew itz C r i te r io n  
A ll th e  ro o ts  o f *$>0— (XJrCLJc "V . * * ^  "X.iv O ' tL
p a r t s  i f f
A- have n e g a tiv e  r e a l
;p .= a, o  o
« s  \  a t °  •
a. a .  crZ d  2 2>“j!
* O
. o
a
>  o
where i- a * ^  ^  • • v  /n* *
.r
:E:
•Pig I*') The. D ^e.A S tonU ss To-rc^ue  ^ -To>r X = <4-^32.
'rCAuits -froM. p re se n t t  ke .o r^
■ : + o /res ivttS -fre-^  D(>1 Pot- X = *b 3cl ^ rCSpecUoeUj
- - !
C.S.H. H'3-j;;.
But from (1 .3*96)
•7T f?rsbL(f}Oj'Z) dj> + a )
A 3 (1 .3 .1 1 1 )
so t h a t  we have
9  =  ~ 3 _  ®  OC)
A (1 .3 .1 1 2 )
We have computed Q ( r )  and compared the  r e s u l t s  w ith  th o se  o f  D O  • 
Except f o r  a re g io n  n e a r  C  we once again  have a v e ry  good 
agreem ent, ( f i g .  1.^9 )
The d i s t r i b u t i o n  o f  sh e a r  s t r e s s  under th e  c y l in d e r  may be 
found as  ( u s in g  (A27))
o '  Cp^ ' c)-~ < h u . ( < z -  { ( © e o - D l .  f  d * |  )
(1 .3 .1 1 3 )
Prom (1 .3 .4 1 )  we may w r i te  t h i s  as
- J k t L l L - f l  * £ I{ ( ® & - J L )  x
T N p f A  1 s
-Tx }
z (s * s £ )
-* -g s  +
4 ' 6 3
(1 . 3 . 114)
A f te r  a  c e r t a in  amount o f  e lem entory m an ipu la tion  we f in d  a f t e r  t a k in g  
in v e rse  tran sfo rm s  th a t
c r e f  I ^ (h ^ ) - w^ t- + 2 ^  +  -H- . 1  +
- t iZ T P J t l - j& X f /Y - f /*  t> 6  3  3 f e y )
1. .11
This completes the  p u re ly  a n a ly t i c  a n a ly s is  o f  the  s e t  o f  
e l a s t i c  to r s io n  problems we have chosen to  co n s id e r .  The examples 
seem to  in d ic a te  t h a t  th e  approxim ation method, used in  t h i s  manner, 
i s  v ia b le  f o r  t h i s  c la s s  o f  problem and t h a t  i t  can be a p p l ie d  with 
confidence to  more g en e ra l  e x c i t a t i o n s  than  those  o f  (a )  and ( c ) .
Only in  the  reg io n 'U -frO  do we f in d  s e r io u s  e r r o r ,  e .g .  th e  e x is te n c e  
o f  the  §  ( 't)  term in  th e  s in g u la r  p a r t  o f  th e  torquG, f i  f t ) ,  in  (a )  
and (b ) .  However t h i s  has no e f f e c t  away from ?C- O  and the  
e x is te n c e  o f  simple and reaso n ab ly  a c c u ra te  e x p re ss io n s  f o r  H  f t )  
and , f a r  outweigh th e  im portance o f  t h i s  e r r o r .
We have a lso  dem onstrated  t h a t  u s in g  the  approxim ation  we can compute 
th e  su rfa c e  d isp lacem en t,  ) ,  (an a sp ec t  which only S hail
has cons ide red  p re v io u s ly ) ,  o u ts id e  the  v i b r a t o r  in  a manner f a r  more 
simply than  was p re v io u s ly  p o s s ib le .  Indeed o th e r  au th o rs  have 
commented on the  ex cess iv e  amount of  computer time t h e i r  methods would 
r e q u i r e  making the  e x e rc is e  im p ra c t ic a l .
Before le a v in g  t h i s  s e c t io n  we wish to  look  a t  one f i n a l  use 
o f  the  method. In  t h e i r  paper Gladwell and so lve  the  i n i t i a l
va lued  R e issner-S agoc i problem by p a tch in g  to g e th e r  s o lu t io n s  o f  the  
transfo rm ed  problem v a l i d  f o r  sm all v a lu e s  o f  Isl , ( d o3  ) ,  medium 
v a lu e s  o f  Is I , ( t h e i r  exact s o lu t i o n ) ,  and la rg e  v a lu e s  o f  , (DO), 
and then  nu m erica lly  in v e r t i n g  th e  Laplace transfo rm s ,w here  n e c e s sa ry .
We propose to  perform a s im i l a r  o p e ra t io n  on the  c l a s s i c a l  R e is s n e r -  
Sagoci problem. However we tak e  only two reg io n s  f o r  1^1 , sm all and 
medium v a lu e s  where we use our approxim ation and la r g e  v a lu e s  where 
we use Thomas's asym pto tic  form ula . Thus th e  Laplace transfo rm  o f  the  
to rq u e  o f  th e  sh e a r  s t r e s s  d i s t r i b u t i o n  under the  c y l in d e r  i s  d e f in e d  as
PiCs}
where in  the  a c tu a l  computicn we tak e  S o 3^^* . This va lu e  was chosen 
s in ce  the  fo rm u l i i  c ro ss  a t  t h i s  p o in t  and as  we see in  th e  n ex t  s e c t io n  
a re  in  e r r o r  compared to  an exac t by about 5/®* in v e r s io n
to  c a lc u la te  M (<t) was made u s in g  the  a lgo rithm  d e sc r ib e d  in  Appendix C .
=  f  -H is  I ,  o<|sK<s0
) S - i f c  T o  \$  <\
t t  . ( s _ +  | + X  - 2 _  ^  S i < | s i
s - c R  * s  5  s'  ( t . s . u O
■VrT
j . : . ;
. . . i  . . .  .  . . . .  I
l *10 o f  C & tt'j O a .tcvv tQ .tcA
MC*t> U ,S l*v.c^  \ .W tr r v j  u j a I u  r C S u U s
o b to^ iivcA  ivu n . i o l . 
t    -..... 'pve.se'tvt t \ ; c ^  3 4- X bucor j^ Do.]
C.S.H £213- D'-'. y-123i2 - -'00 ■
M O  (ex') C c> M .p cu riSen- « y f . t ? ^ n ^ r y c c a l l  ^ C a tca .C (xC < £ .A . b k ' w }
U>£X*\0 •p’re.Sa cv.t tV\.<3,cfvnj uji tk re.Sa.tirs ot»baC<v.eA
w ith  IT r: 150* With IT =50 o r  100 we f a i l e d  to  o b ta in  rea so n ab le
v a lu e s  f o r  th e  in v e r te d  fu n c t io n ,  w hile w ith  N=150  we could d e te c t
no major change in  th e  v a lu e s  compared w ith  those  o b ta in ed  a t  IT >150*
In  f i g .  1 .10  we have p lo t t e d  M (*) minus th e  s in g u la r  term s a t  ,
f o r  v a r io u s  v a lu e s  o f  • Because o f  th e  e r r o r  in  M (S) we do not
have th e  exac t s o lu t io n  but i t  can be seen th a t  our r e s u l t s  approximate
those  given in  Do3 and C C S extrem ely w e l l .  Thus we see t h a t  u s in g
our method in  t h i s  manner we can e l im in a te  much o f  th e  num erica l work
*
t h a t  was in h e re n t  in  Gladwell and Lows te c h n iq u e .  F u r th e r ,  by u s in g  
th e  more a c c u ra te  forms o f  th e  approxim ation , d isc u sse d  below, in  th e  
d e f i n i t i o n  o f  (S) we can in  e f f e c t  claim to  be ab le  to  o b ta in  th e  
exac t v a lu e  o f H f E ) ,
1*4 The Steady R o ta t io n  o f  a Thin C irc u la r  Disc in  a Conducting Fluid*
We now apply  the  approxim ation method to  a s i t u a t i o n  in  the  
f i e l d  o f  magnetohydrodynamics. Although th e  problem w i l l  be reduced 
to  the  same type o f  mixed boundary v a lu e  problem as the  e l a s t i c  to r s io n  
problems, th e re  i s  one very  b a s ic  m athem atical d i f f e r e n c e ,  Laplace 
t ra n sfo rm s  a re  no t used. We now f in d  t h a t  S i s p r o p o r t io n a l  to  the  
Hartmann number, a param eter r e l a t i n g  th e  m agnetic fo rc e s  to  the  
v isco u s  fo r c e s .
We wish to  co n s id e r  th e  s teady  r o t a t i o n  o f  a t h in  c i r c u l a r  d i s c  
in  a  conducting  f l u i d .  However i n i t i a l l y  th e  Case o f  a g e n e ra l  axisym- 
e t r i c  s o l id  w i l l  be cons ide red  fo llo w in g  th e  a n a ly s is  o f  W illiams and 
S h a il  B and Waechter When th e  th eo ry  has been s u f f i c i e n t l y
developed th e  s o l i d  w i l l  be taken  to  be th e  d i s c  and i t  w i l l  be shown 
t h a t  we have th e  g en era l  mixed boundary va lu e  problem o f  s e c t io n  1 .2  
and hence t h a t  th e  approximate r e s u l t s  a re  a v a i la b le  to  us .
F i r s t  we p re se n t  th e  b a s ic  eq u a tio n s  r e le v e n t  to  th e  r o t a t i o n a l  
m otion. Suppose th a t  an i n s u l a t i n g  s o l id  o f  r e v o lu t io n ,  c e n tre  0  and 
immersed in  an unbounded v isc o u s  incom press ib le  conducting  f l u i d  a t  
r e s t  a t  i n f i n i t y ,  i s  made to  r o t a t e  w ith  uniform an g u la r  v e l o c i t y , SL. , 
about th e  a x is  o f  a C a r te s ia n  frame Oxjj^Z: (Ot*: i s  a lso  th e  a x is  
o f  r o t a t i o n a l  symmetry o f  the  s o l i d ) .  The c o e f f i c i e n t s  o f  v i s c o s i t y ,  
c o n d u c t iv i ty  and m agnetic  p e rm e a b i l i ty  o f  th e  f l u i d  a re  deno ted .by
5 4/ • A uniform m agnetic  in d u c t io n  f i e l d 3 ^ &  i s  a p p l ie d  p a r a l l e l  
to  th e  a x is  o f  r o t a t i o n  ( R i s  a u n i t  v e c to r  a l o n g O ^ ) .  Using WKS 
u n i t s  our s teady  s t a t e  eq u a tio n s  f o r  an incom press ib le  f l u i d  o f  d e n s i ty  
a re  ( S h e r c l i f f  J  )>
F arad ay 1s law
c u A  £  ~  o
(1.4.1)
Ampere's law
caaA ^  * jj J
(1 .4 . 2 )
Maxwellfs law
cLuvr *11 ~  O
Ohm's law
j  ~  c r  (  §  +  U  x ! E }
Equation of Continuity
c L w  ^  £  o
Equation of Motion
A ^ k . + V f  =  +  y V ? U  + 2 . V ( & i r ' X )
3 > t  *  3
But
(1.4.3)
( 1 .4 .4 )
(1 .4 * 5 )
(1 .4 . 6)
+  CM*v) U
p> t i t
=  ( U * V )  U O U  = 0 ^
~  ~ . T F
so that using this result and (l.4»5) in (1♦4•6) we find that the 
equation of motion is
/* < W-V'iU +  T P  = j  x*B ^ y  V*U
( 1 . 4 . 7 )
where U  is the velocity field in the fluid, the magnetic induction, 
E the electric field, J the current density, ^  the dynamic pressure 
and we define
"S. 'Sf J lU r  —  O u A
If U  is a typical body dimension then we non-dimensionalize 
equations (1.4*1) through (1.4-7) by setting
,  U U L f t u  
£  *  f % a L S l f  ,  a =  / ' £ o  L i t  e r
x t  Lxf p *)Tc «
Our equations are now
C a m V e *  = 0  _  ( 1 *4 *8 )
\ *  ' ( 1 . 4 . 9 )
d U „ \ * = o  ( 1 . 4 . 10)
j *  =  £ * +  u n f  ( 1 . 4 . 11)
cX i^ ' u  = O  ( l . 4 . i 2 )
' R f u . v O u  + V ' P * =  K k ( £ %  c jx ^ * }  xV* +  (1 .4 .1 3 )
where 'R ~ p0L s ty*  is the Reynolds number, M  = cr % L y‘& is the 
Hartmann number and is the magnetic Reynolds number.
We are going to consider the case when the magnetic forces 
dominate the inertial forces, i.e. , and require a solution,
in cylindrical polar coordinates ^  ), in the form
a  =  ( o, o) (1.4 .14)
(1.4 .15)
(1.4.16)
V  ' .
Note th a t  th e r e  i s  no 0  dependence (We a lso  tak e  r  ( ) #
Waechter fc -^ ^ Jh a s  shown, u s in g  s p h e r ic a l  c o o rd in a te s ,  t h a t  such a 
s o lu t io n  i s  c o n s is te n t  only i f  the induced magnetic f i e l d  produces a\ 
n e g l ig ib l e  e f f e c t  on the  flow i . e .  • We w i l l  now do l ik e w ise
f o r  (1 .4 -1 4 )  to  (1 .4 * 1 6 ) .  Equations (1 .4 * 8 ) ,  (1 .4 .1 0 )  and (1 .4*12) 
a re  s a t i s f i e d  i d e n t i c a l l y .  Combining ( 1 .4 .9 )  and. (1 .4 .1 1 )  le a d s  to
c U x S r * )  (1 .4 .1 7 )
O perate on t h i s  equa tion  w ith  c u r l  , then  u s in g  (1 .4*8)
x
( 1 . 4 . 18)
I f  we no te  t h a t
'Xft *  _/(!. / A*v ( V  -  V lu x 'C  - c J i U V  
*=- -
( 1 . 4 . 19 )
;hen we may w r i te  ( 1 . 4 *18) as
v ; ,2* ^  -  o  „
(1 . 4 *20)
The <p component o f  (1 .4*13) i s  found by u s in g  ( 1 . 4 . J) and ( 1 . 4 . 11 ; to  
o b ta in
and s in c e  1 we have
(1 .4^21)
Equations (1 .4*20) and (1 .4 .2 1 )  a re  a p a i r  o f  coupled l i n e a r  e q u a tio n s  
f o r  . ^  and ^  . The j £  and K components o f  (1 .4*13) a re  r e s p e c t iv e ly
J - i f  = - &  - i T
p  p  ( 1 . 4 . 22)
_ L Y I *  =  - % $
M* R «  ^ - 2 - ( 1 . 4 . 23)
In  o rd e r  t h a t  (1 .4 .2 0 )  th rough (1 .4*23) form a: c o n s is te n t  s e t  we req u ire ;  
t h a t  K «  $• Then we may w r i te
R** ( 1 . 4 . 24)
where ( d ^  I ) s a t i s f i e s  the  eq ua tion
( V «  Y a  =  o
( 1 . 4 . 25)
Thus we have a p a i r  o f  uncoupled eq u a tio n s  f o r  v± ( . Next we l e t
Tsn
in order to obtain agreement with We now have
u u  =  JL (  v  +  VL>  ( 1 . 4 . 2 6 )
■ 2 .
§ 4  ~  J_ ( V, -  V_,V ( 1 . 4 . 27)
2.M
The boundary v a lu e s  o f  the  problem must now be co n s id e red . 
In s id e  the  r o t a t i n g  i n s u l a t o r  the  m agnetic in d u c t io n  35 s a t i s f i e s  
d i v ^ ^  0  and c u r l 3 > 0 ,  thus  w ith  harmonic and independant
o f  y  • Hence i s  zero in s id e  th e  s o l id  and c o n t in u i ty  o f  the
t a n g e n t i a l  m agnetic f i e l d  a t  th e  s o l i d  boundary JS im p lie s  t h a t  \r^ = 0  
on 2  i . e .  from ( 1 . 4 *27)
V, -  V-, o n  S  ( 1 . 4 . 2 8 )
Also th e  n o - s l i p  boundary c o n d it io n  on S im p lie s
u , (  •  i .  (v, + V -,) -  p  cm 5
(1 .4 .2 9 )
Thus from (1 .4*28) and (1 .4*29) we f in d
V, s  V-, ~  f>  CTW S  (1*4*30)
The diroensionless  f r i c t i o n a l  couple G on th e  r o t a t i n g  body i s  
found by i n t e g r a t i n g  the  t a n g e n t i a l  sh ea r  s t r e s s  component in  th e  
d i r e c t io n  o f  ^  in c r e a s in g  over the  su rfa c e  S  > th e r e  b e in g  no Maxwell 
s t r e s s  on the  i n s u l a t o r .  The d im ension less  t a n g e n t i a l  s t r e s s  component 
"t on the  su rface  «S in  the  d i r e c t io n  o f  in c r e a s in g  i s
* ■  ^  ( ¥ )p * (1 .4 .3 1)
where denotes differentiation along the outward drawn normal
to S . We can thus write
where
V  ~  j_  ( ‘t ,  +
2- (1*4 .32)
Also we have
■ £ «  j _ C e - ,  +  0 . , )
where
( 1 .4 .3 3 )
r being the complete bounding curve of -S in any plane through the^-axis 
and df "the element of arc length of P  • Thus
Gr = 2L 
%  J
J )
^ n \  /  /  ( 1 .4 .3 4 )
P
The theory as it has been developed this far applies to a general 
axisymmetric rotating cylinder. Without taking a particular geometry 
it is possible to go on and show that for large values of the Hartmann 
number, M, the leading term of the couple, G, is of 0(M)» ( see DO). 
We note this fact and proceed to consider the case of a rotating disc.
We suppose t h a t  the  r o t a t i n g  i n s u l a t o r  i s  a t h in  c i r c u l a r  d i s c  
o f  u n i t  r a d iu s ,  d e f in ed  by ( ^ a o ^  O
V = u ©xipC-assj^ s=fi =
2  (1 .4 .3 5 )
then  from ( 1 . 4 *25)
JL ^  ( ^Uq,\ •+*^  Ur — ( s 1* O
f  y  I ' y /  ^  y *
( 1 .4 .3 6 )
Since b o th  Uf and s a t i s f y  th e  same e q u a tio n ,  ( 1 . 4 . 36) ,  and i d e n t i c a l  
boundary co n d i t io n s  on th e  d i s c  and a lso  b o th  tend  to  zero a t  la r g e  
d is ta n c e s  from the  d i s c ,  they must be i d e n t i c a l  and so we w r i te  W- 
Then
= U
where ^ s a t i s f i e s  the  n o - s l i p  c o n d i t io n ,
(1*4*37)
* ^ , ° > = y  „  ( 1 . 4 . 3 8 )
and the  c o n t in u i ty  o f  t a n g e n t i a l  s t r e s s  c o n d i t io n ,
l y . o )  = 0  ^  C K / O .
^  (1 .4 .3 9 )
In  terms o f  (A we have
U f e s )  =y=> fo^y£><;>  ( 1 . 4 . 4 0 )
\ . U ( f l o )  = 0  c l < /» }
^  '  '  ( 1 .4 .4 1 )
Hence 4A s a t i s f i e s  th e  mixed boundary va lu e  problem o f  s e c t io n  1 .2  
and we may use, th e  approxim ations o b ta in ed  in  t h a t  s e c t io n .
From (1 .4*34) and ( l« 4 * 37.) we. o b ta in
Q - = 7 r J  J l y
= 4 t t  f  y ( W \  I p .
(1 .4*42)
S u b s t i tu t in g  from (1 .2 .5 4 )  we f in d  t h i s  may be w r i t t e n
(3* 35 ^  \  4 ^  CX>s') J A .
( 1 . 4 . 4 3 )
X
And so from ( 1 . 2 . 52 ) we f in d  t h a t  in  terms o f  th e  Hartmann number
6r *  - 3 ^  (  4 - H  - f J L  - h - M i —  ^
3^0  ( 1 . 4 . 4 4 )
When i s  sm all we can expand (1 .4*44) in  p o s i t i v e  powers o f  M to  f in d
0  s  - 3 ^  ( 1  + ± £  -  i f  +  .  - .  )
3  <X.O (1.4.45)
The ex p ress io n  obtained, by S hail  l? 3 r j fo r  sm all Hartmann numbers i s
£  = -'Si ( f -tfcih - i f  +  o Cm<('> ')
3  2 .0  »f-7f  ( 1 . 4 . 4 6 )
/N /  XThere i s  agreement between (1 .4*45) an<i  (1 .4*46) to  O  ) and we a lso  
n o te  t h a t  th e  c o e f f i c i e n t s  o f  d i f f e r  by only about lo -G O ^ /  # When
1*1 i s  l a rg e  th e  approxim ation f a i l s  s in c e  as we have p re v io u s ly  no ted  G
should  be o f  O  (m) j (0&3^but our e x p ress io n  (1 .4*45) i s  0(^1**“) .  This
i s  to  be expected , as we no ted  in  s e c t io n  1.3? because o f  the
r *e r r o r  in  the  o r ig i n a l  approxim ation . (Note t h a t  th e  o  ( M fO
and qt ( /o I*1 ( a ) an -^ (^) e l a s t i c  to r s io n  problems
corresponds to  th e  M terms thus  confirm ing the  e r r o r  o f  the  
fo rm er) .  We now co n s id e r  the  ex p ress io n  f o r  G when M i s  n e i t h e r  
sm all no r  l a r g e .  By u s in g  th e  exact s o lu t io n  o f  th e  i n t e g r a l  
eq ua tion  (1 . 2 . 15) which we o b ta in ed  in  s e c t io n  1 .2  f o r  v a r io u s  
v a lu e s  o f  M, i t  i s  p o s s ib le  to  c a lc u la te  G e x a c t ly  f o r  
M — 1 ,2 ,4 ) 6 ,1 0 .  This we have done. In  t a b l e  1.3  we compare G 
exact w ith  v a lu es  found u s in g  (1 .4*43) a^d the  formulae f o r  G 
g iven in  C i* ]  , namely,
<r = - 7r M(  1 + £ + £ . )  • + o ( m _z)  
x  M M *
( 1 . 4 . 47 )
\
M G(1 .4 .4 7 ) G (1.4 .44) G(Exact) ( l . 4 .4 7 ) $ e r r o r ( l . 4 .4 4 ) $ e r r o r
1 .0 -11 .08 -11 .06 0 .2 $
2 .0 -14*14 - 12.06 -11 .93 17$ 1 .0 $
4*0 -14*92 -15 .03 -14 .27 5 $ 5$
6 .0 -17*28 - 18.99 - I 6.98 2$ 12$
1 0 .C -22 .93 -29 .35 -22 .83 0 . 5$ 32$
Table 1 .3  Comparison o f  the  couple f o r  medium v a lu e s  o f  M.
From th e se  r e s u l t s  we see t h a t  ex p ress io n  (1 .4 .4 4 )  i s  more 
a c c u ra te  than  th e  asym pto tic  ex p ress io n  f o r  1<M <4* Hence 
we may use (1 .4*44) to  c a lc u la te  G in  th e  range 0 ^M < 4*  This 
i s  an obvious improvement on th e  s i t u a t i o n  which e x is te d  p r i o r  
to  t h i s  work s in ce  G can now be found f o r  any v a lu e  o f  M u s in g  
one of the  two simple formulae (1 .4*44) o r  (1.4*47)> whereas 
b e fo re  a num erical s o lu t io n  was needed f o r  each M in  th e  medium 
range o f  v a lu e s .
2.1 Introduction
In  Chapter 1 we in tro d u ce d  an approxim ation method f o r  s o lv in g  
a  c la s s  o f  mixed boundary va lue  problems which we c a l l  problems o f  
o rd e r  one because they  can be reduced to  th e  dual B essel i n t e g r a l  
eq u a tio n s
b*0 f t p ,  c o y < J bP
po
f  (o\A  A t  = o  j  Cd<ja)
(2 .1 .1 )
(2.1, 2)
w ith  *S) — I • The method i s  a p p l ic a b le  because (2*1 .1 )  and (2*1 .2 )  
can be reduced to  a Fredholm i n t e g r a l  equa tion  o f  the  second k in d  w ith  
a  k e rn e l  o f  the  type
= \ AUvjct/juut At
o ( 2 .1 .3 )
where H(t) i s  a known fu n c t io n  such th a t  (a )  th e  convergence o f  th e  
i n t e g r a l  ( 2 .1 .3 )  i s  ensured and (b) i t  can be approximated by
H  (£>  =   Aa. A
J B +  t  ( 2 .1 .4 )
An approximate k e rn e l  ) i s  o b ta in ed  by r e p la c in g  \^ ( * t) by
W A t  ) in  ( 2 .1 .3 )  and the  r e s u l t i n g  Fredholm eq u a tio n  so lved  by 
d i f f e r e n t i a t i n g  tw ice w ith  r e s p e c t  to  • I f  d i f f e r e n t -
i a t e d  tw ice w ith  re sp e c t  to  VC we f in d
-& e  (fOx-yo
w a  ( 2 . 1 . 5 )
where we have made use of the identity
(2 . 1 . 6)
I t  i s  because o f  th e  form of  ( 2 . 1 . 5 ) t h a t  we can o b ta in  a s o lu t io n  o f  
the  Fredholm in t e g r a l  e q u a tio n .  Obviously i f  we c o n s id e r  a k e rn e l  o f  
th e  form
( 2 . 1 . 7 )
we would o b ta in  a r e s u l t  s im i l a r  to  ( 2 . 1 . 5 ) .  The Fredholm i n t e g r a l  
eq u a tio n  w ith  k e rn e l  corresponds to  th e  problem
o f  o rd e r  zero (*9 = 0  in  ( 2 .1 .1 )  and ( 2 . 1 . 2 j .  This su g g es ts  t h a t  the  
approxim ation metbod can be extended to  the  a p p ro p r ia te  c la s s  o f  mixed 
boundary va lue  problems o f  o rd e r  zero . I t  i s  the  purpose o f  t h i s  ch a p te r  
to  in v e s t ig a t e  t h i s  p o s s i b i l i t y .
We w i l l  look  a t  two problems each in v o lv in g  a v e r t i c a l  t r a n s l a t i o n  
o f  a r i g i d  c i r c u l a r  c y l in d e r  on a s e m i - in f in i t e  space o f  e l a s t i c  m a te r ia l .  
The a n a ly s is  i s  com plicated by the  e x is te n c e  o f  two wave numbers w ith  
th e  r e s u l t  t h a t  we do no t f in d  c lo sed  forms f o r  th e  ex ac t  k e rn e l s  in  
th e  r e s u l t i n g  Fredholm i n t e g r a l  e q u a t io n s .  Because o f  t h i s ,  r a t h e r  
than  co n s id e r  a g enera l  problem and make the  s te p  by s te p  comparison 
between exact and approximate q u a n t i t i e s  as we d id  in  Chapter 1 , S ec tion  1 
we w i l l  look a t  each case s e p e ra te ly .  The use o f  the  approxim ation  
w i l l  then  be j u s t i f i e d  by comparing, where p o s s ib le ,  our r e s u l t s  w ith  
those  o b ta ined  by p rev ious  a u th o rs .
For the  f i r s t  problem we assume t h a t  a t  fc— C th e  punch i s  im puls­
i v e ly  p ressed  in to  th e  e l a s t i c  h a l f  space and then  made to  o s c i l l a t e  
v e r t i c a l l y  w ith  a frequency tO . The su rfa c e  o u ts id e  the  punch i s  assumed 
to  be s t r e s s  f r e e ,  Sneddon J h a s  so lved  the  co rrespond ing  s t a t i c  
problem ( Boussinesq problem) u s in g  a  dual i n t e g r a l  eq u a tio n  approach . 
Various o th e r  a t tem p ts  have been made to  so lve  th e  dynamic problem 
( minus t r a n s i e n t s ) ,  bu t most s o lu t io n s  have invo lved  c e r t a i n  assum ptions. 
R e is sn e r  [13, M il le r  and Pursey(§*?Qreplace the  d i s c  by a d i s c  o f  uniform 
p re s su re  on the  s o l i d ,  while B y c r o f t & ^ i n  e f f e c t  r e p la c e d  th e  d i s c  by 
th e  p re ssu re  d i s t r i b u t i o n  which occurs  in  th e  s t a t i c  case .  Robertson  c n
 ^ ocraX.t «At
p  C O
</© %,
using a dual integral equation method, obtained solutions valid for 
low frequencies which were then compared with solutions derived 
numerically. We obtain the same quantities as. in Causing our method 
and compare results.
Our second case is an initial-value Boussinesq problem. The 
punch is pressed vertically into the half-space and at t=Ois released 
from rest. We have not found any previous work on this case and so 
cannot make any numerical comparisons. However the physical quantities 
obtained do exhibit the type of behaviour one would expect, showing 
that the approximation does not radically alter the mechanics of the 
situation.
2 .2  Forced V e r t i c a l  V ib ra t io n  of a Rigid C irc u la r  Di s c  on a S e m i- in f in i te
E l a s t i c  S o lid .
Consider an i n f i n i t e  h a l f - s p a c e  o f  homogeneous i s o t r o p i c  e l a s t i c  
m a te r ia l  occupying th e  reg io n  where a re  a s e t  of
c y l i n d r i c a l  p o la r  c o o rd in a te s .  At time tnO  a smooth r i g i d  d i s c  o f  u n i t  
r a d iu s ,  d e f in ed  by ( 0^p<Xsf) , i s  im pu ls ive ly  p re sse d  a g a in s t
th e  su rfa c e  to  a depth  k-t-c ( f c ^ c )  and subsequen tly  fo rced  to
perform v e r t i c a l  v ib r a t i o n s  w ith  am plitude C • O utside th e  reg io n  
o f  c o n tac t  on the  f r e e  s u r fa c e ,  "2 — O  , we assume t h a t  the  normal s t r e s s ,  
, i s  i d e n t i c a l l y  ze ro .  Also we tak e  the  d i s c  to  be f r i c t i o n l e s s  
a l low ing  h o r iz o n ta l  s l i d i n g  to  take  p lace  underneath  i t ,  i . e .  we put 
2 ^  *=0 o n T ^ O .
For t h i s  problem the  e l a s t i c  d isp lacem ent v e c to r  i s  w r i t t e n  
( i so th a t  ( c f . 1 .3 )  the  s t r e s s  system may be 
w r i t t e n
V r
' i a  J  - r  i ?
(2. 2.1)
I t  fo llow s from the  b o d y -s t r e s s  equa tio n s  ( c f . 1 .3 )  t h a t  a rex
r e l a t e d  th rough the  p a r t i a l  d i f f e r e n t i a l  equa tions
( A + 2 / I ^  I  +  Mjtfip  +  a  / ’a^Hyo
(2 . 2 . 2 )
f > > 0  ■+■ Q atjH — / ~
c J s 1, ^  fc5* ( 2 .2 .3 )
th u s
where ^  i s  th e  d e n s i ty  o r  the  e l a s t i c  m a te r ia l  ana tn e  name, ccnstarrts  
o f  th e  m a te r ia l .  I t  i s  convenient to  r e w r i te  th ese  eq u a tio n s  as fo llow s 
(a )  d iv id e  ( 2 .2 .2 )  and (2 .2 .3 )  byyC/ and l e t  ( f / ^ t  (b) exp ress  th e  
v a r io u s  com binations o f  Lame*s c o n s ta n ts  in  terms o f  Poisson*s r a t i o  e* 
(now.
A * . y  £ _  > y  ~  J L
( l C I -#■
1 - f y ,  =  s. ( I - f i  =  X  C
K_+JL a  J_ ~ t )
V 1  _/ '
(o )  we l o t  u. * , * / / )  and
Then eq u a tio n s  (2 .2 .2 )  and ( 2 .2 .3 )  become
-+& L - K I - l ' i i L k .  =
YV^ ( / ’¥ ’ ' '  ^  ( 2 .2 .4 )
j _  ~^ w  a. f  + ri_ - i )  JS& /&tA ~ ^ >V
Y*“ f> ^ p  v  Y ’/  y* F W  i ' t 1 ( 2 . 2 . 5 )
We wish to  so lve  ( 2 .2 .4 )  and ( 2 .2 .5 )  s u b je c t  to  th e  mixed boundary 
co n d i t io n s
W ^ « >  = f r + c 'e  H f'r),,  o 4 ^ > 0 )  ( 2 . 2 . 6 )
^  C / y > ,  o « ' t )  ( 2 . 2 . 7 )
-• ^  ( 2 . 2 . 8 )
JfuM. WCfijT^V) O  ( 2 .2 . 9 )
00
J U  - >  O
I
(2 . 2 . 1 0 )
- ^ [ ( p y Z . o y  = 0  (2 .2 .1 1 )
7 1
\^(pyZ.jO} ~  ^__U(apLjc^s — O  
' ^ /r  /
(2 . 2 . 1 2 )Al/X-fc Q> V^>
We no te  t h a t  s in ce  th e  eq u a tio n s  o f  c l a s s i c a l  e l a s t i c i t y  a re  l i n e a r  
we need only co n s id e r  the  time dependant p a r t  o f  th e  r i g h t  hand s id e  
o f  ( 2 .2 .6 )  i . e .  we may w r i te
w r ^ o ,  r ) = w , ^ o )  + W a ( '^ ,o , ' t '>  ( 2 .2 .1 3 )
where V/foO )-  \ r  and and only concern o u rse lv e s
w ith  th e  mixed boundary va lu e  problem f o r  y / ^  o, 0C ) .  Because o f  
t h i s  we re w r i te  (2 .2 .6 )  as
W (o,o,'C> = c-e H O t) ©<<£}
(2 .2 .1 4 )
I t  i s  worth n o t in g  t h a t  a l though  we have taken  a s p e c ia l  form f o r  th e  
v e r t i c a l  d isp lacem ent o f  the  punch the  fo llo w in g  a n a ly s is  a p p l ie s  to  
an a r b i t a r y  d isp lacem en t.
In tro d u ce  the  Laplace transfo rm  w ith  r e s p e c t  to  d e f in e d  by
- f  Cs> ~  J  - e  5 - f W )
and transfo rm  equa tio n s  ( 2 .2 .4 ) ,  ( 2 .2 .5 )  and boundary c o n d i t io n s  ( 2 .2 .7 )  
th rough  (2 .2 .1 2 )  and (2 .2 .1 4 ) .  We o b ta in
( _L =  s ~ u
(2 .2.1 5)
JL 4--L"c) -f* (j_ — W sawY (2 . 2 . 16)
W ^ A O ^ s )  =  J5L~ ^  
S - V i^
or -  O ^ 0 < ^
^ 9 * ° ^  = °  *  C o  y ^
N ext we d e f in e  U* and W  in  term s o f  t h e ir  Hankel 
o f  o rd er  u n ity  and zero  r e s p e c t i v e ly ,  i . e .
\
jOOO
u . ^ ^ s > =  j  l v j
pco
w ^ s> = J q/W hj, 2, s> T0cp^ > 4»j
Then we may w r ite  (2 .2 .1 5 )  and (2 .2 -1 6 )  a s
0 3  u  -  Cx - D mI q  -  r s V j i o u  = o  
0 ^  0 -2  ^
J_ O jJ ■+ (" J_ -  D U 0 u  -  (S i + v rtQ  = 0  
^  d 0 -£
The a p p ro p r ia te  s o lu t io n s  o f  th e s e  e q u a t io n s , e n su r in g  th a t  
and ( 2 .2 .1 0 )  are s a t i s f i e d ,  may "be w r it t e n
U  -  S K ^  + c  ^
*  J
(2 .2 .1 7 )
(2 . 2 . 18)
(2 .2 .1 9 )  
tra n sfo rm s
(2 . 2 . 20) 
(2 . 2 . 21)
(2 . 2 . 22)
(2 . 2 . 23)
( 2 .2 .9 )
(2.2.24)
(2.2.25)
where A  S ^  C ( j ^ )  w i l l  he found from th e  boundary c o n d i t io n s  
and i t f = V ( y V s V 5  j  /£= .\!(*£-+£'') . Applying the  Hankel in v e r s io n  th e o r  
to  ( 2 . 2 . 24) and ( 2 . 2 . 25) we f in d
,60
«£|
( 2 . 2 . 26)
and
i«o
(2 .2 .2 7 )
The Laplace transfo rm s  o f  the  s t r e s s e s  CT and CT may now 
be w r i t t e n  in  terms o f  A  ( j , s )  and C ( u ^ s  )  as fo l lo w s .  We have
CT ( A s^) = X ^  lO + ( Af — 
« / : ■  \
w
OQ 7
s3<*e + C fy s )£ e .
- j j  3  + a C ^ , s 'y ? e  Z )  ^
(2 . 2 . 28)
( u s i n g  ‘ - " W '  ^
and
(2.2.29)
From (2 .2 .1 9 )  and. (2 .2 .2 9 )  we may w r i te
A(u,s> = (V-v*ift
H C -  * y S y 1-)
^ ) V " i s
( 2 . 2 . 30)
and
f s ( 2 . 2 . 31)
where D i s  aoco n s tan t to  he determ ined below and ) i s  an unknown
funotion j-  so s a t i s f y i n g  the  c o n d it io n  on ^ ) •
In  terms o f  we may w r i te  W  r£  )  as
W
pO»
a  „ /r>
(2 . 2 . 32)
Let us w r i te
oc =  i - /  I - J b g — eiM.  ^
V M  (tf+k
=  1- ( 2 . 2 . 33)
then  the  su rfa c e  d isp lacem ent f o r  ( o P  < I ) may he w r i t t e n  ( 2 .2 .1 7 )  
(2-2*33)
Also we f in d  t h a t  th e  normal s t r e s s  on the  su rfa c e  f o r  may
he w r i t t e n  { ( 2 .2 .1 8 ) ,  ( 2 .2 . 2 8 ) )
p ? / '
(2 .2 .3 5 a )
i . e .  ( (2 . .2 .1 S 5 )
|  ~ o  j  e x p )
(2 -2 -35 )
Equations (2 .2 .3 4 )  and (2 .2 .3 5 )  form th e  dual i n t e g r a l  eq u a tio n s  o f  
th e  type cons ide red  in  appendix A ( w ith  O ) Hence we take
(2 . 2 . 36)
so t h a t  (2 .2 .3 5 )  i s  s a t i s f i e d  i d e n t i c a l l y .  Then the  Fredholm i n t e g r a l/
eq u a tio n  s a t i s f i e d  by P ( * S  ) i s  found ( c f .  A24) t c  he
9Scx ,s>  +  f f
dx
g  C ^ < 0
S + £ &  ( 2 .2 .3 7 )
where
( 2 . 2 . 38)
The co n s ta n t  D i s  now determ ined from the  c o n d it io n
y*#' aa
which ensu res  convergence of (2 .2 * 3 8 ) .  Thus s e t t i n g  ^j=SG( we r e q u i re  t h a t
I -  3> en. ( y h r Q ^ O  *• | q
a - *  ~  2 . ( (<j f - ^ y -  _  (v V c f-^ C /* ? )  V > (2.2.39)
Expanding f o r  la r g e  a , the  c o n d i t io n  i s  s a t i s f i e d  by ta k in g
J 3 >  =  _ 1 _
2.0 -r) (2.2.40)
We now proceed to  in tro d u c e  our approxim ation to  th e  fu n c t io n  
K  H ? » ) .  Follow ing the  method o f  Chapter One and n o t in g  t h a t
W ( 0 ,  s )  = 1
we wish to  make th e  approxim ation
-  <*(go^&) a?0  5 V  d *  ( 2. 2 .4 1 )
where J  i s  a r e a l  c o n s ta n t .  Obviously we could no t mmake th e  
approxim ation (2 .2 .4 1 )  i f  the  l e f t  hand s id e  has a s i n g u l a r i t y  f o r  r e a l  
v a lu e s  o f  a , i . e .  i f .
3 a > 0  *-fc, (cO’+ k 'f' — (o>^Ca) a*  ~ o
However ;
© c ( a ) ^ ( a)  0 ?“ = ( l+c?')'*ciL
^  (I  )  a /"  V*
=r. C o f+ ^ r f
Thus (o^+'-i 9~ ~  CL’etfa.') O f o r  a l l  r e a l  a .  The c o n s ta n t  J  i s
'.determined by expanding bo th  s id e s  o f  ( 2 . 2 . 4 1 ) f o r  l a rg e  a and comparing, 
Now
. -  £ :  C i  )
<£%■&> a *  a ?
(2.2.42)
1 ct &£ C
i -  (  a ~ t t - V * » 3 > { ^ +  ....
a x  \  4  f  I -  V ' )  /
( 2 .2 .4 3 )
Thus we ta k e
t f 1* =• s  ~  H - V * > 3 ¥  
M- ( I  - V 1 )
-  ?  -  (‘2 -T  +  &£
. .  ( 2 .2 .4 4 )
and s in c e  - -^g- th e  c o n d it io n  th a t  O he r e a l  i s  s a t i s f i e d .  The
two fu n c t io n s  are compared in  f i g . 2 .1  f o r  v a r io u s  v a lu e s  o f  *T •
The approxim ate k e r n e l may now he w r it t e n
I — coo Sxft. d a .
O 5 \o c x (2 .2 .4 5 )
and may be e v a lu a te d  as
. .  _  /  - s s u ~ ? i - s s c x * y y  %
* _ 4 £ C - e  + _e /
The in t e g r a l  e q u a tio n  (2 .2 .3 7 )  now becomes
+ s f  ^ e ^ f c £ J j /  + 
+  c $ , s £ e  4^) >
(2 .2 .4 6 )
(2.2.47)
If we write this as
*r j c & 9  d j
J c
( 2 . 2 . 48 )
th en  d i f f e r e n t i a t i n g  tw ic e  w ith  r e s p e c t  to  v z  fo l lo w e d  by a d ou ble  
in t e g r a t io n  w ith  r e s p e c t  to  y i e l d s  th e  s o lu t io n
P x  r'
1
u o
j *+* Rr ^ *
S u b s t i tu t in g  Q ( t s )  =  c / ( S + i £ )  in t o  ( 2 .2 .4 9 )  g iv e s
& c x , s )  =  _ c _  ( , + ^ + s j  - £ £ V  )  
S+1&, \  ^ /
( 2 . 2 .4 9 )
( 2 . 2 . 50 )
The t o t a l  lo a d  w hich must be a p p lie d  to  th e  d i s c  to  produce  
th e  d isp la cem e n t i s  d e f in e d  by th e  form ula
' P ' C O  =  - 2 7 T
1
a  (  Or )
/  '  2 *  Z*o j
( 2 . 2 . 51)
O b viou sly  th e  L ap lace tran sform  o f  th e  lo a d  i s
I
T c s )  =  - * 7r
O
(2.2.52)
Using (2.2.35a) (2.2.36) we find (2.2.52) becomes
'T(s> «  J tJL , 
i -y  Jo O VO
^  cos x j^ <j> (x,s) J.X. J j. iyD
5 I
=  j b M — f i ( x - j S ')  d *  
t - J  Jo ( 2 . 2 . 53)
By s u b s t i t u t i n g  ■ & » > o  f o r  ^  )  in  t h i s  ex p re ss io n  we f in d
'P c s )  *  - ^ /> g  O - t - 5 ^
0 ~ y ) C s + ‘B  % ( 2 . 2 . 54)
and a f t e r  Laplace in v e r t i n g  t h a t
" P e r )  = i ^ S . ^ c T r r )  £  C f f t t  +
(2 .2 .5 5 )
Formula (2 .2 .5 5 )  c o n ta in s  only two types  o f  te rm s. There a re  
no t r a n s i e n t s ,  a f a c t  which can only be a t t r i b u t e d  to  the  approxim ation  
we have used. In  some way we have " l o s t 11 the  e x p ress io n s  f o r  p a r t  o f  
the  expected lo ad .  One group o f  the  e x i s t i n g  terms depends on the  
D irac  d e l t a  fu n c t io n  and i t s  d i r i v a t i v e  and can be regarded  as 
r e p re s e n t in g  th e  im pulsive load  n ecessa ry  to  s t a r t  the  motion. However 
in  view o f  the  r e s u l t s  concern ing  such s in g u la r  terms in  the  work on the  
c l a s s i c a l  R eissner-S agoci problem we must t r e a t  them w ith  c a u t io n  s in ce  
they  a re  probably  in c o r r e c t  in  d e t a i l .  The rem ain ing  terms r e p re s e n t  
th e  s teady  s t a t e  load n ecessa ry  to  m ain ta in  the  motion o f  th e  v i b r a t o r .  
These we can compare w ith  r e s u l t s  o b ta ined  in  We w r i te
Tecn  -- ^ uc - /?YX)
3
=  ^ £  e " ^ r
. 1V  ( 2 . 2 . 56)
Robertson o b ta in ed  a s im i la r  formula
t i ! w  -  ± £ S -  *- C f>  -  * f  )
7 ^  ( 2 - 2 - 5 7 )
where
( 2 , 2 . 58a)
' i t « =  i * f l  +  o c 0  ( 2 . 2 . 58b)
The c o n s ta n ts  a ,  and b ,  depend on i n t e g r a l s  o f  the  form
X ^ =  O - v Y +
+ F Jr
*V '
( 2 . 2 . 59)
where 5C i s  a  ro o t  of £  ( x )  =  ( PC* — -^) —ic(pc~ ~ V ) ( x ’"—! )  .
Obviously th e se  i n t e g r a l s  must be ev a lu a ted  n u m erica lly  f o r  each va lu e  
o f  *y we wish to  look a t .  With our approxim ation th e  c a l c u la t io n s  
a r e  immensly more s im ple , to  the  e x te n t  t h a t  a desk c a l c u l a t o r ,  l e t  
a lone  a computer, may be considered  s u p e rf lu o u s .  F u r th e r  , as  we see 
in  t a b le  2 .1 ,  our v a lu es  o f 'p -  compare favourab ly  w ith  th o se  o f  Robertson .
1
K P, IV I W
12 14 0.9844 0.9877 0.2165 0.2086
12 0.9375 0.9505 0.4330 0.4172
.2.4 0.8594 0.8893 0.6495 0.6258
1 0.7500 0.8032 0.8660 0.8344
j,
2 X4 0.9848 0.9921 0.2135 0.1956
1
S' 0.9392 0.9685 O.427O 0.3912
34 0.8633 0.9250 O.6404 0.5868
1 O.7569 0.8738 0.8539 0.7824
i 4 0.9844 0.9923 0 . 2165 0.1974
12 0.9375 O.969I 0.4330 0.3948
34 0.8594 0.9305 0.6495 0.5922
1 O.75OO 0.8764 0.8660 0 . 7896
* X4 0.9837 0.9920 0.2213 O.2015
12 0.9347 0.9681 0.4425 0.4630
34 0.8531 0.9281 o . 6638 O.6045
1 0.7389 0.8722 O.885I 0.8060
Table 2 .1 .  Comparison o f  P , P and P P .
Various o th e r  q u a n t i t i e s  r e l a t e d  to  load  a re  a lso  c a lc u la te d  in
The maximum va lue  o f  the  load  may be w r i t t e n  as
I T 0 1 =  p j z .  ,  1 =  S j z J f -
<A 4* O p V y ^)  “■
(2 . 2 . 60)
cl. i s  known as the  non-dim ensional am plitude o f  the  t o t a l  load  *1^  •
In  E ^ U d i s  c a lc u la te d  us ing  the  power s e r i e s  e x p ress io n s  f o r  and
and by means o f  a , d i r e c t  num erical s o lu t io n .  The r e s u l t s  o f  th e se  
c a lc u la t io n s  and those  ob ta ined  u s in g  our approxim ation a re  p re se n te d  
i n  Table 2.2 where i t  can be seen t h a t ’ the  maximum e r r o r  o c cu r in g  a t  1 
i s  about 8$,
1 ,expansion Ci3 ,numerical Bradley
0 .0  0 .0 0.2500 O.25OO 0.2500
0 .2 0.2478 0.2478 O.2485
0 .4 0.2413 0.2413 0.2441
0.6 0.2307 0.2305 0.2366
0 .8 0.2163 0.2158 0.2262
1 .0 0.1991 O.1982 0.2131
1/3  0 .0 0.1667 0 . 166? 0.1667
0 .2 O .I655 O .I655 0.1659
0 .4 0.1619 0 . 1619- 0.1634
0 .6 O .I559 0.1559 0-1593
0 .8 0.1479 ' 0.1477 0.1534
1 .0 O.138I 0.1377 0.1461
Table 2 .2 . Non-dimensional am plitude o f  le a d . Comparison
"between R o b e r tso n 's  r e s u l t s  and p re se n t  th e o ry .
For most p r a c t i c a l  purposes the  va lu e  o f  & i s  l e s s  than  one. For in s ta n c e
usimg the  example given in  3 we f in d  t h a t  q u a r tz  has a d e n s i ty  cj/ m ?
/y  /and modulus o f  r i g i d i t y  3*0 *10 dynes/sq  cm so t h a t  
ft = C = O'3x\0
and s in ce  i s  u s u a l ly  l e s s  than  10 cps then  f t  i s  norm ally  l e s s  than  
o«5* So we see t h a t  f t  belongs to  the  range in  which our approxim ation  
i s  most a c c u ra te .  In  some a p p l ic a t io n s  the  w eight, m, of  th e  v i b r a t o r  
must be taken  in to  account in  c a l c u l a t i n g  m i . When allow ance i s  made 
f o r  t h i s  in  eq u a tio n s  (2 .2*56) and (2 .2 .5 9 )  i i  i s  found t h a t
dL =   ,
(  Cf, - ^ 0  *■
(2. 2 . 61)
where q = ( l ~ 7  • The ex p ress io n  i s  known as th e  mass
r a t i o .  The a d d i t io n  o f  a mass to  the  d i s c  causes a resonance e f f e c t ,  
which i s  damped due to  th e  d is p e r s io n  o f  the  e l a s t i c  waves in  th e  i n f i n i t e  
medium. Because o f  the  co n s id e ra b le  importance o f  t h i s  resonance in
c i v i l  e n g in e e r in g  p r o je c t s  we have computed the  maximum non-dim ensional 
am plitude a t  resonance u s in g  the  v a lu e s  o f  P o is s o n 's  r a t i o  and wave 
number g iven in  H ^ ^ r e s u] t s  a re  p re se n te d  w ith  those  from 
in  Table 2 .3 .
mass r a t i o  d ,R obertson  d ,B rad ley
10 0.567 ' O.483 0.463
20 O.424 0.667 0.626
40 0.308 0.933 0.867
60 O.254 1.139 I . 05I
80 0.221 1.313 1.208
100 O .I98 I .466 1.348
10 0.644 0.342 0.329
20 O.486 0.471 x O.442
40 0.355 O.658 0.608
60 0.292 0.802 0.739
80 0.254 O.925 O.85O
100 0.228 1.033 O.948
i  10 . 0 . 674 0.292  0.282
0.377 
O.519 
0.630
0.724  
0.806
O .I89
0.248
0.337
O.407
O.466
O.519
.6
20 0.512 0.400
40 0.375 O.557
60 0.309 0.680
80 0.269 0.783
100 0.242 0.874
10 0.720 0.190
20 0.567 0.253
40 0.424 0.346
60 0.352 0.419
80 0.308 0,482
100 0.277 0.537
Table 2 .3 .  Ron-dimensional reso n an t am plitude o f  lo ad .
Comparison between Robertson and pxesen t th e o ry .
The normal s t r e s s  under the  d i s c  i s  found from (2 .2 .3 5 a )  and 
( A27 ) to  be
I
O ' f , o / r ) ^ / 7 X L  f J .  7  ,
l - y  J
Using th e  approxim ation  ) we have
c (2 . 2 . 62)
-=~4^ g—■ f f j -  ( I + s £  i-sxf o - f > y )
7 ^ h y )(1 y ^  1 ^  [S-tifc J  ( 2 .2 . 63)
i . e .  a f t e r  in v e r t i n g
=  T ^ - g - —  ( U . S m  + S \ l - A ' ) C i r W +
1 7r
(2 .2 .6 4 )
Now w r i te  the  harmonic p a r t  o f  ( 2 .2 .6 4 )  as
w ,  =  - jp ± -  ^ 0  - m y ) )
v r a - y ) 0 y ^ >
=  < ri^ 'tr( -p; - * 0
'KQ-yXt-P')
A ’s im i la r  ex p ress io n  i s  found ini  c i  J where
^  b |  -  n Y  c i- < y >x} +  o o s ' O  
<A,?, +  o c f ? 3 }
(2 . 2 . 65)
(2 .2 .6 6 a )
(2.2.66b)
These e x p ress io n s  have th e  same dependance on jJT as the  /p 
' w l t /Z/  *zfZ
Table 2 .4  we compare f  f , f  ^  and f ^  , f ° r  v a r io u s  v a lu e s  o f  y  
and f in d  reaso n ab le  agreement.
y
k r f * •f
is X.4 o 0.9531 0.9565 O.2165 0.2086
.0 .2 0.9550 0.9584
0 .4 O.96O6 0.9640
0 .5 0.9648 0.9682
0 .6 0.9700 0.9733
0 .7 O.976I 0.9794
0 .8 O.9831 0.9865
1 .0 1.0000 1.0033
1s 0 0.8125 0.8260 0.4330 0.4172
0 .2 0.8200 0.8335
0,4 0.8425 O.8559
0 .5 0.8594 0.8729
0 .6 0.8800 0.8934
0.7 0.9044 0.9177
0 .8 0.9325 0.9458
1 .0 1.0000 1.0132
34 0 0.5781 0.6084 0.6495 O.6258
0 .2 0.5950 0.6253
0.4 0.6456 0.6758
0.5 0.6836 0.7138
0 .6 0.7300 O.76O9
0.7 0.7848 0..8149
0 .8 0.8481 0.8781
1 .0 1.0000 1.0297
1 0 0.2500 0.3039 0.8660 0.8346
0 .2 0.2800 0.3338
0.4 0.3700 0.4237
0.5 0.4375 0.4911
0 .6 O.52OO 0.5735
0 .7 0.6175 0.6809  •
0 .8 O.73OO O.7832
1 .0 1.0000 1.0528
Table 2.4 fart 1.
f
*
x% t  0 0.9510  0.9594 0.2213
r
f 1 ftfZ
O.95IO
0 .2 0.9530 0.9614
0 .4 O.9589 0.9672
O.5 0.9633 0.9716
0 .6 O.9687 0.9770
0 .7 0.9750 0.9834
0 .8 O.9824 0.9907
1 .0 1.0000 1.-0083
i  0 O.8O42 0.8376 O.44250.80
0 .2 0.8120 0.8454
0 .4 0.8355 - 0.8689
O.5 0.8531 0.8865
0 .6 0.8747 0.9081
0.7 0.9001 0.9335
0 .8 0.9295 0.9628
1 .0 1.0000 1.0333
0 0.5594 0.6346
0 .2 0.5770 0.6522
O.4 0.6299 0.7051
0 .5 O.6695 0.7447
0 .6 0.7180 0.7931
0.7 0.7753 0.8503
0 .8 0.8414 0.9164
1 .0 1.0000 1.0749
0 0.2167 0.3504
0 .2 0.2480 0.3817
0.4 0.3420 0.4756
0 .5 0.4125 0.5461
0 .6 0.4987 0.6322
0 .7 0.6005 0.7339
0 .8 0.7180 0.8513
1 .0 1.0000 1.1331
0.6638
0.8851
0.2015
0.4030
0.6045
0.8060
Table 2 .4 P a r t  2. Comparison o f  , f  and f ^  >fa/^ •
The displacements V/ )> M  o ) can be calculated
numerically using the method outlined in Appendix C in order to invert 
the Laplace transforms involved* The computation is rather tedious 
and since there are no results due to other authors we omit their 
calculations.
Thus we have completed the analysis of this particular situation. 
From the results obtained we conclude that the use of the approximation 
is valid for small values of the wave number, ^  • Further, use of the 
approximation greatly reduces the numerical work necessary to find 
quantities of interest, a great advantage in this type of work. Our 
experience with the classical Reissner-Sagoci problem leads us to 
suppose that fairly accurate results can be achieved in the present case 
for moderate values of ^ • Unfortunately we have not been able to 
discover any work on this range of values and so cannot check our 
conjecture.
2*3 An i n i t i a l - v a l u e d  Boussinesq nrobiem i'or a I ' i a t  ended
•> *
c y l in d r i c a l  punch.
The second example in  t h i s  ch ap te r  i s  once again  taken  from 
the  f i e l d  o f  l i n e a r  e l a s t i c i t y .  I t  h e a rs  the  same r e l a t i o n  to  the  
p rev ious  problem as the  i n i t i a l  va lue  problem in v e s t ig a te d  in  s e c t io n  
1 .3  does to  th e  c l a s s i c a l .  B e issner-S agoc i problem.
Let us co n s id e r  an i n f i n i t e  h a l f - s p a c e  o f  homogeneous i s o t r o p i c  
e l a s t i c  m a te r ia l  occupying the  reg io n  be in g  a s e t  of
c y l in d r i c a l  p o la r  c o o rd in a te s .  A smooth r i g i d  c i r c u la r ,  c y l in d e r  of 
mass /vl w ith  f l a t  ends and o f  u n i t  r a d iu s  r e s t s  on th e  f r e e  su rfa c e  of 
the  m a te r ia l  covering  th e  p o r t io n  ( c .$ y o < /^  0^j4<Z7T)* Because o f  i t s  
mass the  c y l in d e r  in d e n ts  the  m a te r ia l  to  a depth  b ,  say . From t h i s  
e q u i l ib r iu m  p o s i t io n  th e  c y l in d e r  i s  s low ly p ressed  a g a in s t  th e  su rfa c e  
in to  the  m a te r ia l  to  a f u r t h e r  dep th  o, say , and he ld  th e re  ( t o t a l  
dep th  = b + c  ) .  At time fccO the  d i s c  i s  r e le a s e d  from r e s t .  I t  i s  
assumed th a t  d u r in g  the  subsequent motion the  punch remains in  c o n ta c t ,  
over the  whole reg io n  w ith  the  m a te r ia l  and t h a t  i t s  motion i s
d e sc r ib e d  by Sr+ect).
Using the  n o ta t io n  o f  s e c t io n  2 .2  we r e q u i re  the  s o lu t io n  o f  
th e  p a r t i a l  d i f f e r e n t i a l  eq u a tio n s
J, (j_^ (puS\ ( !~ -  0  — pe i
/ j  (2.3.1)
Y h>2 * f o r ( 2 . 3 . 2 )
where s u b je c t  to  th e  mixed boundary v a lu e  c o n d i t io n s
w 2 ^ 0 , 0  = ^- +  0 ( 0  o < 0  (2.3.3)
t ) (2.3.4)
( 2 .3 .5 )
(2.3.6)
iL 'k O j .Z ,  o ) -  o  ( 2 . 3 . 7 )
•^k '
~  (2. 3. 8 )
~ o  (2.3.9)
u  '
A«l £ 0 r t )  “• 'f"2.*7T^ ^  c^o ( 2 . 3 -10)
© C o > = o  ©<©) =  £  \  (2 .3 .1 1 )
The f u n c t io n s W ^  U° a re  s o lu t io n s  o f  the  s t a t i c  problem, f t * 13  ) ,
=  oX . ^ [ l X ( P ^ )  + ^ °  + a - 0  £ w °  =
y 1* ^  / ^ 2 v  y '  ( 2 . 3 . 12)
J- V vj” +  — ^  /o^w5'j + (j_~o  i S x f p X f )  -  °
  < A  i ° t '
g iven
V - 'y a ' -  p Y ' Y  V'  (2 .3 .13)
W ^ o )  =  ^r+C  ^ <o4yO<0 ( 2 .3 .1 4 )
& cf c o ‘> -  & j  C l<^>) ( 2 .3 .1 5 )
£ » ° f ^ l ! ) =  (2 .3*16)
This has the  s o lu t io n
w v 09 = /)U~'£  j  a </»)
1 TT /> /
(2.3.17)
u. ^ o >  — — 2 Y*~(%4c5 (  I — t  CO4 0 }  ( 2 . 3 . 18)
7T/o 1
= rzJkfJ (%-k:) Ct -V*)  ^ (o4o<0 (2.3.19)
7 C - > / ( W l >
and
" P 0 ■= - V 7 r J  /° z z  y ^ o)
=  r«.Q + y e O - y l )  ( 2 .3 .2 0 )
I t  i s  convenient to  reduce our problem to  one in v o lv in g  zero 
i n i t i a l  co n d i t io n s  and a t  the  same time to  in tro d u ce  a new time v a r i a b l e ,  
-tr= t "  . = We l e t
C W < z > ,a /r ) =  y y f f i i )  — W ° ( / > , z )  ( 2 . 3 . 2 1 a )
C[X< p Z j  •« ju ^  “  u  ■z) (2 .3 *  21b^
C © c t > ®  © C ) (2 .3 .2 1 c )
= — ^ ° C ^ i2 >  {f2i;322Id)
C o r ^ = 2 ,  (2 .3 * 21e)
In  terms o f  th ese  new fu n c t io n s  the  mixed boundary v a lu e  problem becomes
j _  ^  w  \  +  cl \  a  y w
V ^ z *  p ' Z p Y  % j> )  X *  f f y i ' t e )  ^
(2 .3 .23)
where
- 1 /  (o^y*< |P o <nr)^ (2.3.24)
o $ ^ r )   ^ (2 .3 .25)
(2 .3 .26)
VCyo, 2 ^ 0 )  = ^ L V f^ z ^ o )  -  o  ,  (2 .3 .27)
\  ■
«■■</**,«*> = ^ ( / 5 H , o ) = o  ,  (2 .3 .2S)
41®  = H I  f'/a crX no^& p - t ( \ - X ^ 3
j f  4y / «( ' (2 .3 .29)
© ( 0 )  =  0  ^ @<o) = V, (2 .3 .30)
£ = ^ / ai. and so i s  p ro p o r t io n a l  to y g  , where i s  th e  d e n s i ty
o f  th e  c y l in d e r .  Thus l a rg e  ( small ) £ means th a t  th e  mass o f  the  
c y l in d e r  i s  much l e s s  ( g r e a t e r  ) than  th e  mass o f  an equal volume 
o f  th e  e l a s t i c  m a te r ia l .
The Laplace transfo rm  w ith  r e s p e c t  to  o f  e q u a tio n s
(2 .3 .2 2 )  to  (2 .3 .3 0 )  i s  now ta k e n .  Thus we have
-L  1 / -L<) (p7L)\ 4-c) ^  ■+• C I-— O '^ L k / = S  iA.
( 2 .3 .31)
j_*c f w  4 - ( p<£d \  + ( l " O x ^  ~  S  w
f > Y  f )  v v ^  i
w ( ^ o , s )  = OCs') -J L  * C o y < 0
(2 . 3 . 32)
(2 .3 .33)
5 -  =  o ,  f ° Y >
(2.3.34)
(2.3.35)
®(s~) -■!_= - g p - * * )  +  ITT P (p^&Ap (2.3.36)
•S s 3 4 /> S  J</ '
By app ly ing  the  Hankel transfo rm  techn ique  used in  s e c t io n  2*2 we o b ta in  
th e  fo llo w in g  s o lu t io n  to  t h i s  problem
100
( 2 .3 .3 7 )
(2.3.38)
rt°°
a ( A ^ ? ^ c s v ^  + * . C f y £ f £ * g\ T f t )  i j
a \  e<’ /  ( 2 .3 .. .3 9 )
6  Ay,y Lj^ e*2 +Cc<j,s) PyVs1) e ^ )
( 2 . 3 . 4 0 )
where A, C a re  fu n c t io n s  to  be determ ined from the  boundary c o n d i t io n  
and oc- V  ( s V + f  ) ,  /S  = V  (  S N - J * ) .
Using the  same re a so n in g  as in  s e c t io n  2 .2 ,  we can s a t i s f y
(2 .3*35) we
and
A fy s'i = _ i _  (
2 0 - Y )  f  i j (
C firs') -  -J_  __ ------
2.0 - ^ )  \ C j '-+ 'tsv )L -  j V / 5 )
(2.3.41)
(2.3.42)
Then
oo
w  ( c< IS C
4  0  -y) Jo
d«j
(2.3.43)
and
crr s f ^ ^ s )  =  r / L _  
( l - p r )  4
OO
~~S0 ( 0 )  c t j
Follow ing the  p rev ious  work o f  s e c t io n  2 .2  we w r i te
S1*4W
(  O j S i s ^ i - i j k y s )
(2 .3 .4 4 )
)
\ - (2 .3 .4 5 )
th en  u s in g  (2 .3>33)j (2.3«34)> (2 .3*43) and (2 .3*44) we o b ta in  the  dual 
i n t e g r a l  equa tion
L f  I - = ®(s) - L . , (o4y»<0
o 1) '  ! ( 2 .3 .4 6 )
p°»
I ~X( g j i = o  ^ Cly)
(2 .3 .4 7 )
We may now use the  a n a ly s is  o f  Appendix A and w r i te
\  C<pyyeL$  «
7T 4 (2 .3 .4 8 )
thus  (2 .3*47) i s  s a t i s f i e d  i d e n t i c a l l y  and (2 .3*46) le a d s  to  th e  Fredholm 
e qua tion  o f  the  second k ind  f o r  )>
( 2 . 3 . 4 9 )
where
Keyes') ® . J ocjvssaJ otr^ /u ckj ,
(2.3.50)
This k e rn e l  i s  i d e n t i c a l  to  th e  one d e f in ed  by (2 .3*38) and so we may 
immediately in tro d u c e  i t s  approx im ation , K* (*>/£ s), ( c f  2 .2 .4 6 )  where
“ (2.3.51)
where 5" X  ( 7 - « 1 p r  + £ - ^  )  / ?  Equation (2 .3*49) nc*w becomes
5 6^ 5)= ©<s)-_L + sfe M l s ^
(2.3.52)
This has the  s o lu t io n
a  ( '© « •> -  3-~)C t - t s j~  +  sV *  a - X ? > ') ^  .
s % (2.3.53)
Our main i n t e r e s t  l i e s  in  f in d in g  ©  ( * )  o This we s h a l l  now 
proceed to  do. I t  h a s .a l r e a d y  been e s ta b l i s h e d ,  ( c f  (2.2«53))> t h a t
z * [ r %  (pOjS>A  J  f i & S *  J :
- 4 f j  (<© £) -  ^  #
* ~ 7  s (2.3.54)
where \ - v s £  + 3?"SVk S u b s t i tu te  t h i s  r e s u l t  in to  (2.3*36)
then  we f in d
® ( s )  -  ± .  =  -  EoZE^s) ( ® ( s)  -  r >  -  e 0
s  S ’- s  s 3 * ( 2 . 3. 55)
£ *  E ( I -X x ) .  Thus
©  — - I  s ; ■— ~V Co 3  _ I
®  ^ +  6eS’>  ^ S ( 2 . 3 . 56 )
Hence we f in d  upon ta k in g  in v e rse  Laplace tran sfo rm s  t h a t ,
- a ,  or
where
a , = /«>£•*• W  (q-e* + )
& (  i +  ( 2 . 3 . 58 )
Z-{ -  Ce<T -  * j  (^ -fc  +  f j ' i j / s )
a f l + s o f ^ )  ( 2 . 3 . 58)
From th ese  ex p ress io n s  we see t h a t  anc* s0 "fcka 'fc © f^ )
r e p re s e n ts  a damped o s c i l l a t i o n .  In  f a c t ,  a f t e r  some elem entary  manipu­
l a t i o n  we have
— f c J t '
© O r) -  e.  * fH* s5!W f  <u k > ( y J f a z + e & H )  3  +
v a (i + 80 <S/^ )
" h  £ o  rf  A u x ( * c J ( th & +  3  j
■^ (t-eo+CS/^ ) i+eX>4) / (2.3.58)
and th u s  we see t h a t  when the  mass o f  th e  c y l in d e r  i s  g r e a t e r  than  the  
mass o f  an equal volume o f  the  e l a s t i c  m a t e r i a l ^ i . e .  sm all^  the  
c y l in d e r  w i l l  r e tu r n  to  th e  e q u i l ib r iu m  p o s i t io n  very  slow ly w ith  
n e g l ig ib l e  o v e rsh o o tin g .
The normal s t r e s s  fu n c t io n  under the  punch i s  found from (A27)
to  be
f  2 iL. ^  JfC j  
b  (x*-y*0  J  * ( 2 . 3 . 59)
Using th e  approxim ation we f in d
c r ^ o . s ) -  ( © & > - D
s  frei-yy/(ly>‘-)
S u b s t i tu te  f o r  u s in g  (2 .3*56) an(i a f t e r  some elem entary  m an ip u la tio n
we f in d
~ — ' (  — S 2—  -------------
1 - K O - f b l O f - ' )  I
~ k ) ( 2 . 3 . 61)
Thus ta k in g  in v e rse  Laplace tran sfo rm s
cr —  {= — £ $ — —  *
T rC o p /f ly ’®
y C f ^ C - L  - 1 + a . J V i y )  - e ^ f - L  - < f
j  ( o 4 f < 0  
J  ( 2 . 3 . 62)
Hence we can c a lc u la te  *=5~- ^  ^  )*
As we no ted  in  th e  in t ro d u c t io n  i t  appears  t h a t  p re v io u s ly  no 
work has heen p u b lish ed  on t h i s  problem w ith  the  r e s u l t  t h a t  we cannot 
o f f e r  any num erical comparisons. However the  forms of © C ' t j a n d  
seem to  be reaso n ab le  and we conclude t h a t  th e  use o f  th e  approxim ation 
i s  v a l i d .
3.1 An Improvement of the Approximation
He w i l l  now d isc u s s  a sim ple m o d if ica t io n  o f  th e  approxim ation 
le a d in g  to  more a c c u ra te  r e s u l t s .  1
F i r s t  we d e f in e  a Nth o rd e r  approxim ation f o r  H ( » >  as
( 3 .1 .1 )
where a re  r e a l  c o n s ta n ts  to  he determ ined from s u i t a b l e
expansions o f  ) and the  ex ac t k e r n e l .  In terms o f  t h i s
d e f i n i t i o n  the  work in  Chapters 1 and 2 d e a l t  w ith  f i r s t  o rd e r  
approx im ations .
I t  i s  p o s s ib le  to  develop a g en e ra l  th eo ry  f o r  th e  li th  o rd e r  
approx im ation . However by c o n s id e r in g  the  case we can
in d ic a te  the  manner in  which h ig h e r  o rd e r  approxim ations would 
be formed while dem onstra ting  th e  improvement in  accuracy in  going  
from one o rd e r  o f  approxim ation to  th e  n e x t .  Only th o se  problems 
examined in  Chapter 1 w i l l  be t r e a t e d  h e re .  Any r e s u l t s  p re v io u s ly  
o b ta in ed  w i l l  be r e a d i ly  used.
Let
I -  M ^  T .   L_
( 3 .1 .2 )
fu n c t io n  approximated in  
taken  to  s a t i s f y  the
where we have taken  ll  ( V| ) to  be th e  
Chapter 1. The c o n s ta n ts  a re
fo llo w in g  c o n d it io n s
A  + 3  v*-
« 4- 1 -  1
3. 3t
f t  t +  A*. =
X  A "  *
_ L  / A~ 4 1 _ /A j.  — M-
A v  A  A v  A  3 t t
\
A . ,  A  >  o
> o
(3.1.4)
( 3 .1 -5 )
(3.1 . 6)
(3 -1 .7 )
( 3 .1 .8 )
Equation ( 3 .1 .3 )  i s  o b ta in ed  by s e t t i n g  t j =  O  in  (3 * 1 .2 ) ;  c o n d i t io n s  
( 3 .1 .4 )  and ( 3 .1 .5 )  a re  o b ta ined  by c o n s id e r in g  th e  c o e f f i c i e n t s
-  7. . .
o f  *j and £  r e s p e c t iv e ly  in  th e  la rg e^ex p an sio n  o f  ( 3*1 *2 ; 5
( 3 . 1 . 7 ) and (3*1*8) a r i s e  out o f  the  behav iour o f  th e  l e f t  hand 
s id e  o f  (3*1*2) f o r  % O , i . e .  th e r e  a re  no s in g u l a r i t i e s *  The 
rem aining  c o n d i t io n ,  (3*1*6), i s  o b ta in ed  by comparing th e  c o e f f i c i e n t s  
o f  the  second terms in  th e  power s e r i e s  expansions o f  th e  exac t and 
second o rde r  approximate k e r n e l .  I t  w i l l  no t always be p o s s ib le  
to  o b ta in  such a c o n d i t io n  in  which case a c o n d it io n  based  on th e  
need to  improve the  approxim ation f o r  small v a lu es  o f  U| could 
be used.
However in  the  c u r re n t  case the  power s e r i e s  a re  known and 
may be w r i t t e n
k  Cx, A,s') = S. A s  C 3C+A - 1X -M  }  + ZS? ((*+Af-/x.-A/') 
2.1 ^  T r r
-  (  <x+A>*-bc-A|3 )  +  . .  . ^
U  /
( 3 . 1 . 9 )
and
1C fe.A s) * §_ ^ ~s( „L +JL^  ( x.*A - foe—A I ) +at y •* I
z \  s ,  ^  x
^2: C i_ f^i -V1. [a>  ^C —
*  l !  C * •  +  A > M  C J c + A ^ - k - A I 3)  +  ,  Y
^  k  &  7
( 3 . 1 . 10 )
I t  can be no ted  t h a t  a lthough  ( 3 , 1 . 4 ) and (3• 1 • 5.) were no t a r r iv e d  
a t  through c o n s id e ra t io n  o f  th e  power s e r i e s  (3*1*9) an<l  (3*1*10) 
they produce agreement between th e  c o e f f i c i e n t s  o f  th e  f i r s t  and 
t h i r d  terms o f  (3*1*9) and (3*1*10). Condition (3*1*6) i s  chosen 
to  g ive agreement between the  second c o e f f i c i e n t s .  7or h ig h e r  
o rd e r  approxim ations th e  agreement between th e  power s e r i e s  could 
be extended to  more term s.
In the  ensu ing  a n a ly s is  i t  i s  convenient to  use th e  v a r i a b l e s
c '  =-\A A, / %  h  / > ~ ~ J  ^  and •
S u b s t i tu t in g  th e se  v a r i a b le s  in to  (3*1*3) to  (3*1*6) and so lv in g  
the  system o f  eq u a tio n s  we f in d
oi =  0.3318 
A, = 2.2160
%  -  20.1239
/S = 0.9059  
/
rKx -  1.8223  
% x *= 2.2207
Table 3»1
,  x  - K
In  t a b l e  3 .2  t h e 'f u n c t io n  > - 3  0 + a  ) i s  compared
w ith  i t s  1 s t  and 2nd o rd e r  approxim ations . I t  i s  obvious t h a t  the  
2nd o rd e r  approxim ation i s  b e t t e r  than  th e  1 s t  o rd e r  approxim ation .
3
1 s t  o rd e r  , 2nd o rd e r
0 .0 1 .0 1 .0 1 .0
0 .1 O.9OO5 O.98O4 O.9558
0 .2 0.8039 0.9259 0.8543
0 .3 0.7127 0.8475: . 0.7428
0.4 0.6286 0.7576 0.6432
0.5 O.5528 0.6667 O.5586
0 .6 O.4855 O.58I 4 0.4871
0 .7 O.4265 O.505I 0.4264
0 .8 0.3753 O.4386 0.3745
0.9 0.3310 0.3817 0.3302
1 .0 0.2928 0.3333 0.2921
1.5 0.1679 0.1818 O .I677
2 .0 O.IO56 0.1111 O.IO55
2.5 O.0715 0.0741 O.O715
3.0 O.0513 0.0526 0.0513
4 .0 O.0299 0.0303 0.0299
5 .0 O.OI94 0.0196 0.0194
6.0 0.0136 0.0137 0.0136
10.0 0.0050 0.0050 0.0050
Table 3 .2
We co n s id e r  nex t the  Fredholm i n t e g r a l  equa tion  which r e s u l t s  
from u s in g  th e  2nd o rd e r  approxim ation . The approxim ation k e rn e l  
can be w r i t t e n
K (x,A,s) = - s. (  - e ' * ^ )  +
where . Thus w r i t in g
30
H C ~ ,  © ’ s . #  4 > )  =  J  ^ e s A  ^  +
+  & P t© sx f  e  Y ( ^ s )  cA A
( 3 . 1 . 1 2 )
th e  i n t e g r a l  equa tion  can be expressed  as
*Y'6c, s> = o f ^ s i  +  W (x ,« ,s ;  ^  +
-J K & ,
•V _S_ V U x, P, S; Co
( 3 . 1 . 1 3 )
Now
HC>c, 9 , 5 ^ ^ )  = s’-6 ^  V\( ^ © , 3 -©sV(x._,S>
(3.1.14)
Hence d i f f e r e n t i a t i n g  (3 .1 .1 3 )  tw ice  w ith  r e s p e c t  to  and u s in g
(3 .1 .1 4 )  g ives
y  Cx.;S^ Cx,s> •+
+ s8-(<**■-£ ) y(*,s) + c f - j )  S i  H (*,/,s,‘ Y) 
(3.1.15.)
The o p e ra t io n  i s  r e p e a te d  on ( 3 .1 .1 5 ) .  Then
n d  .  .  i  iv //
V  (jc,s> = g - s Ox ex.,s) +
\
+  s V 1/ ^ O c , S 3  +  S * ( i t S / l ' -  t )  T  " fx ,  s )  -  
-  s ' 1- /  +  ^ XCcX1'-  ‘Pf*/ s'>
"^SL '
(3.1 .16)
However i t  i s  easy to  prove th a t -
j S ' - o C 1 -v j s * - ( < k x - \ ' )  =  O 
3 7
and thus  the  d i f f e r e n t i a l  equa tion  ( 3 . 1 . 16 ) becomes
OtO
¥  C *,s) - S ' J C Y  ( XjS) '«
OK) ^ /• «N ^
= g c ^ sj  - s  W + ^ ) g  & ,s) +
+ S cX^ S^ qfxyS)  ^ Co$^c«0
(3 .1 .1 7 )
where -ft-  *= <x ^s2* -  • In  Chapter I  ( e^ , (1 .2 .3 3 )  ) th e
d i f f e r e n t i a l  eq u a tio n  e q u iv a le n t  to  th e  above i s
■ T C x , S )  =  3 % _ , s >  - s V a U s )
X  ( 3 .1 .1 8 )
Thus we deduce th a t  th e  g en e ra l  form o f  th e  d i f f e r e n t i a l  eq u a tio n  
f o r  any N  i s
hi
C  cs) V  Cx.s") -  ,  C o « j t < 0
A1  ^
(3 .1 .1 9 )
where CT^ ( S  ) and C r t 'x . ^ S )  a re  known.
We then  i n t e g r a te  ( 3 .1 .1 7 )  tw ice  w ith  r e s p e c t  to  PC to  
o b ta in  the  eoua tion
Y  Cx.,.s3 - S yfx,s) =  <\'(x,S'> -  s x <0ix+/sl ) ^ ( x ^  +
>?c
-jr S  ck
09
:y -  /  ^ c t , s ) ( x - t )  © ft + k ' , r s > x
(3.1.20)
In  Chapter I  CJ ) = PC . b u o s t i t u tm g  t n i s  in to  ^3 . 1 . zu)
gives
vy
Y C?c,s) - s xj ^ f ( x , s )  = s V j f x  4-
) ■ 6  
4-6 K,Cs> ~s,-(o<V/n)x +VCtCs}
( 3 . 1 . 21)
The g enera l  s o lu t io n  o f  t h i s  equa tion  i s
= H e s i ^ - n . ' s * -  4 - H 0( s )  c S I> j isx  -
-  J _  f  ■+■ (k ,C s)- s 8-(cx'-ys1') j- s %<*/Sim)x .
S V \  <5 - n ‘
+  )
/  ( 3 . 1 . 22)
However ( o ^ s )  "  Y  ( ®, S ) — O  and hence V\c (S  ( ^  ) =  O
The fu n c t io n s  H (s) and ( S ) a re  determ ined by c o n s id e r in g  
v a r io u s  d e r iv a t iv e s  o f  (3 .1 .2 2 )  and (3 -1 .13)*  A fte r  some elem entary  
a lg e b ra  we f in d
k,(s> = +
6
+ *£££■ ~aBsx)  +
F  (s') V 3
+ ^ J L S  V - d 3 -  03 _SX) )
(3.1.23)
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The Q  . a re  given in  t a h le  3*3» 
A*
a c * s c - - o < y )
a ,  = C<£ ( ^ - J L  - ( K 3 +  £ i .  )
V  p S  + £ ?
Z Z
(3 .1 .2 4 )
(3 -1 .2 5 )
ft =  / ? ”  «O *p !■■ urutx
? j t v 
Tahle 3*3«
Thus we have o b ta in ed  th e  s o lu t io n  o f  th e  approximate i n t e g r a l  
equation-
In  f i g  3*1 t h i s  approximate s o lu t io n  i s  compared w ith  th e  
exact s o lu t io n  over a range o f  v a lu e s  o f  S ' . There i s  very  good 
agreement between the  two s o lu t io n s  up to  S  “  4* At S c  6 th e  
d ivergence between th e  2nd o rd e r  approximate s o lu t io n  and th e  exac t
s o lu t io n  i s  e q u iv a le n t  to  t h a t  a t  £  = 2 f o r  th e  1 s t  o rd e r  
approxim ation , (see  f i g  1*5)
A f u r t h e r  use o f  th e  2nd o rd e r  approxim ation can he 
dem onstrated  by c o n s id e r in g  th e  fu n c t io n
Using th e  2nd o rd e r  approxim ation t h i s  may be w r i t t e n
f  s *• +  —i— ( o f + f 3' - )  -
4 -S J l
-  J .
<sCsxF e o \
/ / L c i l j i s  (  j _  ( a 0 +  (o i ,+ < O s
a . s ' 1’ )+ ' i « y i « J s 3
3  ^
— (  JL (  <Xo + <&■+<**) +
8 ^  3
+ )} 
3  « l  /
(3 . 1 . 26)
In  s e c t io n  1 .4  i t  was shown th a t  th e  couple^G^in the  KHD problem 
could be w r i t t e n  in  terms o f  t h i s  fu n c t io n  as
Or =  -
(3.1.27)
where S  i s  p ro p o r t io n a l  to  th e  Hartmann number, M. In  t a b l e  3 .A\ ‘
v a lu e s  o f  G a re  compared f o r  v a r io u s  Hartmann numbers c a lc u la te d  
u s in g  the  exac t  num erical s o lu t io n ,  f o r  th e  1 s t  and 2nd o rd e r  
approxim ations and f o r  an asym pto tic  s o lu t io n  d er ived  by Shail 
and W illiam s, J . .Small v a lu e s  o f  th e  Hartmann number a re
no t cons ide red  s in c e  i t  has a l re a d y  been shown th a t  th e r e  i s  e x c e l le n t  
agreement between th e  exact and 1 s t  o rd e r  s o lu t io n s  and hence f o r  
th e  2nd o rd e r  s o lu t io n .  At M e the  e r r o r  in  th e  2nd o rd e r  
approxim ation i s  3$. I t  i s  24^ in  the  f i r s t  o rd e r  approx im ation .
The e r r o r  in  th e  2nd o rd e r  approxim ation a t  K = 12 i s  e q u iv a le n t  
to  th e  e r r o r  in  th e  1 s t  o rd e r  approxim ation a t  M=4» Comparing 
th e  asym pto tic  s o lu t io n  w ith  th e  2nd o rd e r  s o lu t io n  shows t h a t  th e  
two a re  equal a t  M ~ 7 where th e  e r r o r  compared to  th e  exact v a lu e s  
i s  lj*> •
S M G (exact) G ( ls t  o rd e r )  G(2nd o rd e r )  G (asym ptotic)
115- 1 i 11.0621 I I .O 839 11.0621 17.2788
1 2 11.9283 12.0636 11.9293 14 .1372
1-k 3 13.0316 I 3 -O38O 14.1372
2 4 14.2723 15-0344 14.2941 14 .9226
5 15.5996 . I 5 . 654O 16.0221
3 6 I 6.9847 18.9927 17.0966 17 .2788
3 i 7 I 8 .4096 18.6117 18 .6252
4 8 19.8634 2O .I95I. 20 ..0277
4 i 9 21.3385 21.8452 21,4676
5 10 22.8296 29.3547 23.562L 22-9336
6 12 25.8466 35-6743 2 7 .1 9 88 25 .,9181
7 14 28.8957 42 .7300 31.1122 28.-9475
8 16 31.9665 50-5141 35-3089 32-OO50
9 18 35.0590 59.0214 39-7936 35-0811
Table 3*4.
The second o rd e r  approxim ation can a lso  be used to  advantage, 
in  th e  elastodynam ic problems of Chapter I .  For in s ta n c e  in  the  
i n i t i a l  valued  R e issner-S agoc i problem Giadwell and Low, l u l ,  
o b ta in ed  a s o lu t io n  by p a tch in g  to g e th e r  s o lu t io n s  f o r  sm a ll ,
medium and la rg e  S . The medium s o lu t io n  i s  o b ta in ed  n u m eric a l ly .  
The la rg e  S  s o lu t io n ,  an asym pto tic  r e p r e s e n ta t io n ,  i s  used f o r  
This i s  th e  va lue  o f  S  a t  th e  ’c ro ss  over p o i n t '  o f  the  2nd o rd e r  
s o lu t io n  and the  asym pto tic  s o lu t io n  in  t a b l e  3 . 4 . Thus by u s in g  
the  c u r re n t  approxim ation the  need f o r  the  medium S  s o lu t io n  i s  
removed and th e  amount o f  work reduced.
By ta k in g  approxim ations o f  h ig h e r  o rd e rs  the  accuracy  of 
the  approximate s o lu t io n s  can be in c re a se d .  However th e  a lg e b ra  
a s o c ia te d  w ith  th e  method a lso  in c re a se s  and i t  would seem t h a t  
th e  second o rd e r  approxim ation i s  adequate f o r  most s i t u a t i o n s .
4 * Conclusion
The approxim ation techn ique  has been developed in  b o th  
th e  b a s ic  form and th e  g en era l  form. E s s e n t i a l ly  we use a Pade 
approx im ation , the  replacem ent o f  a known fu n c t io n  by a r e p r e s ­
e n ta t io n  in  th e  form o f  r a t i o n a l  f u n c t io n s .  A v a r i e ty  o f  
problems have been in v e s t ig a te d .  The r e s u l t s  o b ta in ed  u s in g  
th e  b a s ic  approxim ation are  reaso n ab ly  a c c u ra te  and can be 
improved upon by ta k in g  more terms in  the  approxim ation s e r i e s .
In  i t s  b a s ic  form the  method i s  extrem ely easy to  app ly . 
Closed forms o f  the  approximate s o lu t io n s  can be found and 
used to  e l im in a te  a c e r t a in  amount o f  num erical work. ¥hen 
the  i n i t i a l  va lued  R e issner-S agoc i problem.was cons ide red  in  
s e c t io n  1 .3  ex p ress io n s  in  c losed  form were o b ta in ed  f o r  th e  
t o r s i o n a l  d isp lacem ent of" th e  c y l in d e r ,  th e  to rque  a c t in g  cn 
th e  c y l in d e r  and th e  d i s t r i b u t i o n  o f  sh ea r  s t r e s s  under th e  
c y l in d e r .  Values computed from th e se  ex p ress io n s  were in  
c lo se  agreement w ith  v a lu es  o b ta in ed  in  u s in g  a num erica l
s o lu t io n .
I t  was found th a t  an in c re a se  in  th e  number o f  term s in  
th e  approxim ation s e r i e s  le a d s  to  an in c re a se  in  th e  com plexity  
o f  the  a lg e b ra ic  m an ipu la tion  n ecessa ry  to  s e t  up th e  system 
and to  o b ta in  a s o lu t io n .  However, as we dem onstrated in  c h a p te r  
3, even a two term approxim ation g ives  a co n s id e ra b le  improvement 
in  the  accuracy o f  the  r e s u l t s  compared w ith  those  o b ta in ed  
u s in g  the  b a s ic  form. The improvement i s  such t h a t  the  e x p re ss io n s  
found may be used over a range o f  the  independant v a r i a b l e ,  be 
i t  the  Laplace param eter or th e  Hartmann number, going  from 
small v a lu e s  up to  the  reg io n  where asym pto tic  s o lu t io n s  may 
be used. Thus we conclude th a t  in  c e r t a in  c ircum stances  i t  may 
be worth going to  a h ig h er  o rd e r .ap p ro x im atio n .
The main l im i t a t i o n  o f  the  techn ique  was dem onstra ted  
when the  im pulsive R eissner-S agoc i problem was cons ide red  in  
s e c t io n  1.3* For very  small v a lu e s  of time the  approximate 
s o lu t io n  f a i l s .  This could be o f  im portance in  c e r t a in  s i t u a t i o n s .  
For example, when co n s id e r in g  the  s e t t le m e n t  behav iou r o f  a r i g i d  
d ie  r e s t i n g  on a c lay  la y e r  i t  i s  the  v a r i a t i o n  of the  c o n ta c t  
s t r e s s  under the  d ie  f o r  small time which i s  o f  p a r t i c u l a r  i n t e r e s t .
However, even a f t e r  ta k in g  t h i s  l i m i t a t i o n  in to  acco u n t,
th e  techn ique  s t i l l  a f fo rd s  a v a l id  means o f  t r e a t i n g  a wide c l a s s  
o f  t r a n s i e n t  problems f o r  which i t  g ives  a c c u ra te  r e s u l t s .
Appendix A.
The S o lu tion  o f  a  type o f  B esse l fu n c t io n  Dual I n t e g r a l  Equation by a 
M u lt ip ly in g -F a c to r  Method*
We s h a l l  now use the  m u l t ip ly in g - f a c to r  method (Noble C r t J )  to  
reduce the  dual i n t e g r a l  eq u a tio n s
y  C O
(Al)
.CO
r  s > ( o ~ H ( j > t )  i t  = o y c  j y ) ;
(A2)
to  a Fredholm i n t e g r a l  eq u a tio n  o f  the  second k in d ,  where H ( * )  ^  a 
given fu n c t io n  which tends  to  zero as fc* tends  to  i n f i n i t y .
S o n in e 's  f i r s t  f i n i t e  i n t e g r a l  i s  (Watson 373)
-V>
— --------
a ' T ^ + o
J e ,
(A3)
f o r  ^ ^ T >  ~ / . In  t h i s  i n t e g r a l  s e t  5?=Oe s in  0  . We f in d
Af>.
(M)
M u ltip ly  bo th  s id e s  o f  (Al) by
54 (x O -p ^ )
%i ? r(/H ) (A5)
and i n t e g r a te  w ith  r e s p e c t  to  from O to  X  . In te rch an g e  o rd e rs  o f  
i n t e g r a t i o n  on the  l e f t  hand s id e  and use (A4)* This g ives
-f-v -J
x T ( / 0  :
•Pj.y>'HV ’cY
a (A6)
f o r  ( o f x < J  ) ,  ( o / j , - )  ) .
Another form ula due to  Sonine g ives  (Watson f c s j ,  P417)
t  ^  « L ,  / * 0  =  * V ^  f CSVX1)  V 7 +V <
1  tf o r  ( ^ “ 1 )• I f  we s e t  sN-.x*’s  p  t h i s  becomesr
fcr T U f)  *  x *j C! f  U f o D p 7 d p  ,
zrrrr o l vf  {  r  7
M u ltip ly  bo th  s id e s  o f  (A2) by
(A8)
a *  r ( y + 0 (A9)
and i n t e g r a te  w ith  r e s p e c t  to  p  from O to  && . In te rch an g e  o fd e rs  
o f  i n t e g r a t i o n  on the  l e f t  hand s id e  and use (A8). We o b ta in
if7 3 ( 0  Jtt" -  O
t/Q (A10)
f o r  (d  <*• ) and
I d e a l ly  we should l i k e  to  s e t
v + f + l  =  V -  V  -  /
<x- /- i  ~ ~y- t
i n  (A6 and (A10) so t h a t  the  o rd e rs  o f  th e  B essel fu n c t io n s  and th e  powers 
o f  would be i d e n t i c a l .  This would mean, on so lv in g ,  t h a t
/ ~  —I -h~l OC
This i s  im possib le  s in ce  ^  and ^  must b o th  be g r e a te r  than  — I • 
To overcome t h i s  d i f f i c u l t y  we cons ide r  two s e p a ra te  ^ ases .
Case ( l )  O < * < 2 - ^  v >  -sr -  **
Take /? = “ I ? *j/r~ • Then (A6 ) and (A10) become
Jt*4<<(t+ T  6 c£) dt= 5C V f/» ■ vt'-
u r  rd * > .
r> V-M, /
iTcr-p*) d p
f o r  ( o  £ x  < e l )
1Aroc-I, t ‘  .£<*•> T  C x i ) U t = o  v+*w-i
(A12)
f o r  ( d ,C c ) *  M ultip ly  (A1‘2) by x  an& d i f f e r e n t i a t e  w ith
re s p e c t  to  , Then u s in g
■ \
i. sL  2 ^ ( 2 )  =
A 2.
we f in d
oo> ,
yt j B c O T  ( x O  cl t  ~ O .  C ^ < x )V4fc<*
(A13)
f
Now we assume th a t
j®oI >t!£<^ B c £ ) X . . c x O ^ t  = x- ( o s x < c l )V+i£lX ^  r  )*  1 U * ? (A14)
where e  ( x ) i s  an unknown fu n c t io n .  The l e f t  hand s id e s  o f  
(A13) and (AI4 ) a re  i d e n t i c a l  and so the  ex p ress io n  on th e  l e f t  hand 
s id e s  o f  th e se  equa tio n s  i s  d e f in ed  f o r  a l l  x  • The Hankel in v e r s io n  
theorem g ives
d
1 - 4 ^
r E c t )  = t ? 5 s u )7 »,t« (;»<»;
(A15)
To f in d  an eq ua tion  f o r  Q ( p c )  we f i r s t  use (AI4 ) in  ( A l l ) :
•x.
V ( U )
r c -M
J  \y> p  6 c  y 1)  J
/ *
(A16)
f o r  ( o ^ 5 t  < d .  ) .  Now s u b s t i t u t e  f o r  ( t") in to  (A16) and we f in d
© C x *  + - %
«/o
0X
/D ^  .
Cx y 3*)
t/o (A17)
where
(A18)
A co n d it io n  o f  the  v a l i d i t y  o f  th e  above a n a ly s is  i s  obviously  t h a t  
the  i n t e g r a l  f o r  K  ( * , / )  should  converge. Thus n e c e ssa ry  c o n d i t io n s  
on H ( t )  a r e : X ■ •
(a )  i f  H (t) behaves as  t  as  t  ten d s  to  zero then
(b) H ( t )  tends  to  zero as t  ten d s  to  i n f i n i t y .  I f H f t )
behaves as t  as t  tends  to  i n f i n i t y  then  we must have y < ®  . I f  0 > y  
th en  th e  k e rn e l  o f  the  i n t e g r a l  eq u a tio n  has a s i n g u l a r i t y  a t  
I f  y  f the  k e rn e l  has no s in g u l a r i t y  a t  ^  .
Case (11) — 5t<0C<O^ V >  mcvx- (~% -<*, - I  H l«*)
This time we take  then  (A6 ) and (A10) become
i T \ \  f H m ) ^ r D - r o c O J t ^  y  ex1- / ’1;  <j»,
O 2*Tfi+fc» Jo
(A19)
t  4 JB(t)
f o r ( d < * 0
<Jo (A20)
M u ltip ly  b o th  s id e s  o f  (A19J by ^  
to  ^  • Then s in ce
and d i f f e r e n t i a t e  w ith  r e s p e c t
we f in d
&G>
f c ^ f l  + n ( 0 ) ^ ( 0  c d D o ! t  =  d 4Cf>f> (KX^ )  df>
X
f o r  (o -£x . < 4 - ) .
We now d e f in e  the  fu n c t io n  ©(sc) by the  eq u a tio n
(A21)
- Ux O c a  =
z ^ r n + T * )
M  3 < o  T ^ fx t )  J it
(A22)
f o r  ( O ^ X .  < d  ) .  Since th e  l e f t  hand s id e s  o f  (A20) and (A22) a re  
i d e n t i c a l  we have d e f in ed  the  l e f t  hand s id e  f o r  a l l  v a lu e s  o f  !XL • The 
Hankel in v e rs io n  theorem g ives
=  _ t
2 ** r o + i^  J /  ' 6 <p (A23)
We o b ta in  the  i n t e g r a l  eq ua tion  f o r '  © ( 5C) by p roceed ing  as in  case ( l ) .  
This g ives
e w  -h J* k<^ ) ecp i/ =
. P I ' V4I
X  JL
J x  1
(A24)
f o r  ( ) ,  where K  { x ^ )  i s  d e f in e d  by (A l8).
A q u a n t i ty  o f  p h y s ic a l  i n t e r e s t ,  which we w i l l  now f in d ,  i s  th e  
l e f t  hand s id e  o f  (A2) f o r  ( Q^>c < c \  ) .  Denoting t h i s  f u n c t io n  by 
and s u b s t i t u t i n g  f o r  %  ( t )  from (A23) in to  (A2) we f in d  t h a t  f l (  
may be w r i t t e n
=  uj---.nl
^ r a A c d
A |P i-k“
}  ‘ d i p  t  j r ^ ^ g r i j t . j ;
(A25)
The in n e r  i n t e g r a l  o f  (A25) may he w r i t t e n
9 ° l '  g n  i t  =
)
°  / / < / *
(A26)
(Bateman e t  a l  Czn-J )
Thus we f in d
tLCjy)
V-l „ 1v  ^a. *
a.“ rd + * .o 4 JL>
T  T
(A27)
Appendix B.
An Algorithm f o r  th e  Numerical S o lu tion  o f  Fredholm I n te g r a l  Equations 
o f  the  Second k in d .
I t  i s  our purpose here  to  d e sc r ib e  th e  a lgo r ithm  used in  the  
main body o f  t h i s  work to  o b ta in  th e  num erical s o lu t io n  o f  c e r t a i n  non­
s in g u la r  Fredholm in t e g r a l  equa tio n s  o f  the  second k in d .  A d e s c r ip t io n  
o f  th e  computer programme and th e  t e s t  s o lu t io n s  o b ta in ed  u s in g  t h i s  
programme w i l l  a lso  be p re se n te d .
Following the  work o f  E l l i o t t  and Warne we suppose t h a t
the  i n t e g r a l  equa tion  to  be so lved  may be w r i t t e n
(Bl)
Vfe wish to  f in d  t  ( x  ) num erica lly  f o r  when i t  i s  assumed
t h a t  a and b a re  known. By n o n -s in g u la r  we mean
t h a t  a and b a re  f i n i t e  and t h a t  the  k e rn e l  (< ( y^K  ) i s  bounded in  the  
r e c ta n g le  X . We s h a l l  a lso  assume th a t  i s  no t an
eigenvalue  o f  K U A )  so th a t  a unique s o lu t io n  of (B l) e x i s t s .
Many a lg o r ith m s fo r  so lv in g  equa tion  (B l) re p la c e  th e  i n t e g r a l  
w ith  a f i n i t e  sura by means o f  one o f  the  w ell  known q u a d ra tu re  r u le s  and 
enable; the  va lue  o f  Y ( ~ )  to  be c a lc u la te d  a t  a d i s c r e t e  number o f  
p o in ts  in  the  i n t e r v a l  This i s  no t in  our o p in ion  an id e a l
method s in ce  should the  va lue  o f  Y ( x )  be re q u ire d  a t  any f u r t h e r  
p o in ts  in  the  i n t e r v a l ,  the  e n t i r e  computation must be r e p e a te d .  Also 
should the  f in e  d e t a i l  o f  Y ( x )  be r e q u ire d  in  a s u b - in te r v a l  o f  the  
main i n t e r v a l ,  , excess ive  computation may be r e q u i re d .  A b e t t e r
method would appear to  be to  l e t  V ( x )  admit a polynomial expansion 
and then  to  c a lc u la te  the  c o e f f i c i e n t s  o f  t h a t  expansion . Once th e  coef­
f i c i e n t s  a re  known then  (x) can e a s i ly  be computed a t  any p o in t  in  
the  i n t e r v a l  C a ,b 3  . This i s  the  approach we use .
Follow ing we take  the  polynom ials in  th e  expansion to  be
Chebysfcev polynom ials o f  the  f i r s t ,  k ind  and l e t
( 5 2 )
where the Ohebysfjev polynomial | ^7^ ; is denned by
( S ' )  -  C crb^ i Q  {J?oa*L <5* ~ £jcn> 0  (,B3)
T /and denotes  a sum whose f i r s t  term i s  ha lved . For ease  we w i l l
now make a change o f  v a r i a b l e s .  Let
^  =  i x  -  Y  ~ ^  - (3 r* c J j
”  d  ^5* -  CX
y c x )  3 i <(y )= :3 cx>
H (vj^ = K(x,to u  = (5--ft) g<
a.
00
From th e  theory  o f  Chebysfeev expansions we know th a t
< V  = —  f ;  -*1 = 0 ,
TT J
(B4)
then  equa tion  (B l) becomes
~ / J \ Q(y>dy = g , C t j )  -14-uil.
J-l (B5)
and the  Chebysfeev expansion (B2) i s  w r i t t e n
(B6)
-I (B7)
S u b s t i tu t in g  (B6) in to  (B5 ) and in te rc h a n g in g  th e  o rd e r  o f  summation 
and in t e g r a t io n  we f in d
oo f
t J  H(S ' 7 ^ (7 ^ r ]  =  g , c 3 '
' *■ - I
(B8)
Rewrite t h i s  as
Jr = aiy- f,a'
~l / (B9)
where
CO
-  l a
rv=fV-H ’
 ^ O  ^ -v
J H<gsyiX(f'd y  j
(BIO)
We assume t h a t  f o r  N s u f f i c i e n t l y  l a rg e  1 W *  i s  n e g l ig ib l e  so 
t h a t  we may w r i te
*L- <L. / t o o  -
Vlso
( B l l )
By c o n s id e r in g  ( B l l )  a t  th e  ’Chebyshev p o i n t s ’
u *= c c n r t r  f  
^  N (B12)
we o b ta in  a system o f  eq u a tio n s  which we may w r i te  in  m a tr ix  form as
where a and g ,a re  column v e c to r s  d e f in ed  by
a r =  C a 0, a ), a 1 J . . . ^ Q w)
(B13)
(B14)
 ^ \ denotes  tra n sp o se  j ana r  i s  a square m atr ix  wiuu eieuiwn ua \ rr  • J
~  . *" J
= o .»0*— where
( j p  - y |T .  = T . (l«J t,
(BX5)
I t  should he no ted  t h a t  the  <1 c a lc u la te d  by s o lv in g  (B13) onlyA-
approximate th e  (% d e f in ed  by (B7). However i t  i s  s t a t e d  in  th a tifi.
th e  e r r o r  i s  in  most cases  sm all and may he n e g le c te d .
Let us now co n s id e r  the  i n t e g r a l  in  (B15). I t  i s ,  in  g e n e ra l ,  
b e s t  to  approximate H  ( j j i j J  ) ^  f i r s t  terms o f  i t s  Chebys/fcev
s e r i e s  b e fo re  e v a lu a t in g  the  i n t e g r a l .  Write
M
|H *-0
where th e  c o e f f i c i e n t s  ( Ifc ) are  c a lc u la te d  u s in g  th e  f i n i t e  
o r th o g o n a l i ty  p ro b e r ty  o f  X ( * >  as fo l lo w s j  w r i te
(b i 6)
then
f t  = c «  2 £ H  2 E (B17 )
(M + l)  51
T  C y - )  = 0  ( B18 )
M-H
and
r-i
T‘ (y j r r t t n '' - f M  -H S —  t = 0tL±i S = t # 0
{_ £  (B19)
bu t
" W  “ J  V a < - n ; ( 7 .)
(B20)
so t h a t  i f  we m u lt ip ly  b o th  s id e s  o f  (B20) by i  '“f" ^  t“V+U
and sum over j  we f in d  from (B19) t h a t
V ^ p  =• - a -  £  H (m ; ,  X < 7 p
n + t  <1' a
Thus we see t h a t  th e  elem ents o f  may now be w r i t t e n
M=o
T Cy) <&y
Now
+ X / 7 >:)
a lso
U J k & L  - 'T e - 'iC ? '*  W  C  .  I  A
a v  M +i R - i  /
where G i s  a c o n s ta n t ,  Define
x f V r ' h
2  ■'-i
i _  / $ * a s
i - 4 - s *
L o  . f ? = 2 S  +  f
(B21)
(B22)
(B23)
\
(B24)
(B25)
using (B24)* Then we see that, from (B23), we have
M
Thus h e a r in g  in  mind th e  re cu rren ce  r e l a t i o n s h i p  s a t i s f i e d  by the  
Chebyshev po lynom ials ,  i . e .
= '  ^ =  5  (B27)
we now have a convenient form f o r  c a l c u l a t i n g  th e  e lem ents  o f  th e  m a tr ix
**P and so may so lve  the  eq u a tio n s  (B1'3) u s in g  any o f  the  s ta n d a rd
procedures  to  f in d  the  (x. ^ = o , l  . . .  N  •J J J
I f  we have a k e rn e l  which i s  die;continuous then  the  a lg o r ith m  
must be m odified . Let us assume t h a t  H <3,7 > i s  d e f in ed  as
W(i b 7 ' ) = J  , 3  * 7
$  * 7  (B 2 8 )
then  (B5 ) becomes
© ( ^  ~ p  I  0 <y> ^ 7  +  j J 7 I  =
J - .  ■ * ^
= 9 l ff  •> (B29)
I t  i s  w ell  known t h a t  i f  a given fu n c t io n  F(ij )^ say , has a d i s c o n t in u i ty  
in  i t s  p th  d e r iv a t iv e s  w ith  a l l  d e r iv a t iv e s  up to  and in c lu d in g  th e  (/P ~ l ) th  
b e in g  continuous then  the  Chebyskev c o e f f i c i e n t s  o f  F(£j ) w i l l  converge
-p —1
as 0 ( y n .  ) ,  in  the  l i m i t  In  many boundary v a lu e  problems
H( y , y  ) i s  continuous b u t th e  f i r s t  p a r t i a l  d i r i v a t i v e  w ith  r e s p e c t  to  Jj
° f  i s  d isco n tin u o u s  a t  c ^  so t h a t  i f  we use th e  expansion
(Bl6) then  th e  c o e f f i c i e n t s  ( f y )  w i l l  converge only  as  0  (^ m,7").  This
i s  a slow r a t e  o f  convergence. To overcome t h i s  d i f f i c u l t y  we expand
W t s e p a ra te ly .  Let
M. ,
=  ^  c * f I J p X < 7 > ^
M’
(B30)
then  u s in g  a s im i la r  a n a ly s is  to  t h a t  used to  o b ta in  (B26) we f in d  t h a t
•P. -  t  f3 , - „ r I' 'w  ( K‘V> +k“ t«,») ♦^  4 d*  /  1 ^ =c> *  J t  m4j J t  1-^ rJI ^
where
+  ^  *  C / i f .0  ^  ]
(B31)
M,
M.+ l J=° O V O  2. (B32)
4 r ^ P - ^ -  f  *k(f r Z i T Z W  s 7 j =CCQ & &  3 t
M j+ ' J"0 2. (B33)
L /0>
Z  <A. |
!JyC
<
o
(B34)
% (S35)
Thus f o r  k e rn e ls  o f  the  type d e f in ed  by (B28) we so lve  (B13) w ith  )
d e f in ed  by (B 3 l) .
above a lg o r ith m , capable o f  d e a l in g  w ith  bo th  types  o f  k e rn e l  p re v io u s ly  
d iscussed* (D e ta i l s  o f  the  programme a re  p re sen ted  a t  th e  end o f  t h i s  
se c t io n )*  The techn ique  has been t e s t e d  by means o f  a s p e c i a l ly  c o n s t ­
r u c te d  example (see  below) and a lso  by u s in g  i t  to  o b ta in  the  s o lu t io n  
o f  the  approximate equa tion  in  ch ap te r  1, a known cubic* The r e s u l t s  
in d ic a te  t h a t  we can expect e x c e l le n t  accuracy even when fs/ i s  q u i t e  low. 
Example eq u a tio n :
We have w r i t t e n  a computer programme in  F o r t r a n ,  based upon the
Tex') - -e *  [WaTcwJA TcA) <JiK
4 c
c  -e 0  +■ e  $>.x- I .
(B36)
The s o lu t io n  o f  t h i s  i n t e g r a l  equa tion  i s  • In  Table Bl
we compare exac t r e s u l t s  w ith  computed r e s u l t s .
exac t V  ( x )  computed H* (•%) f o r  N=15
0.00 1.00000 1.00000
0.05 0.95123 0.95123
0.10 0.90484 0.90484
0.15 0.86071 0.86071
0.20 0.81873 0.81873
0.25 0.77880 0.77880
0.30 0.74082 0.74082
0.35 0.70469 0.70469
O.4O 0.67032 0.67032
0.45 0.63763 0.63763
0.50 0 . 6C653 0.60653
O.55 0.57695 0.57695
0.60 0.54881 0.54881
O.65 0.52205 ^ 0.52205
0.70  i 0.49659 0.49659
0.75 0.47237 0.47237
0.80 0.44933 ■ 0.44933
O.85 0.42741 0.42741
0.90 0.40657 0.40657
0.95 0.38674 0.38674
1.00 0.36788 0.36788
Table B.li
Appendix C
An Algorithm f o r  the  Numerical In v e rs io n  o f  Laplace Transforms
We in tro d u ce  t h i s  s e c t io n  by q u o tin g  from the  book on num erical 
in v e r s io n  o f  Laplace tra n sfo rm s  by Krylov and Skoblya^C5>2j,
' I n v e r s io n  o f  the  Laplace transfo rm  i s  one o f  a c la s s  o f  s o - c a l l e d  
improper problems o f  modem m athem atics. These problems p o ssess  
two p r o p e r t i e s  which make t h e i r  s o lu t io n s  very d i f f i c u l t :  they  are  
n o t  so lv ab le  f o r  a l l  v a lu e s  o f  the  num erical o r  f u n c t io n a l  param eters  
de te rm in in g  the  problem, and small p e r tu rb a t io n s  o f  th e se  param eters  
in  the  s o l u t i o n . '
D esp ite  th e se  d i f f i c u l t i e s  th e  num erical in v e r s io n s  a re  no t im p o ss ib le ,  
as  Krylov and Skoblya go on to  show. The methods f a l l  in to  th e  two c la s s e s ,  
q u ad ra tu re  procedures  g iv in g  d i s c r e t e  s o lu t io n s  and polynomial proced­
u re s  g iv in g  continuous so lu t io n s*  We propose to  use a polynomial 
expansion based  on Laguerre fu n c t io n s  as proposed by Weeks L2o3 .
The problem under c o n s id e ra t io n  may be s t a t e d  a s  fo l lo w s :  g iven 
a  fu n c t io n  ) we wish to  c o n s tru c t  an approxim ation  to  th e  fu n c t io n  
f ( t )  such t h a t  a ( ' P )  i s  th e  Laplace transfo rm  o f  *p( t ) .  I t  w i l l  be 
assumed th a t  ( £ )  s a t i s f i e s  th e  c o n d it io n  t h a t  th e r e  e x i s t s  a number 
such th a t
^ - c f c IfcoUt <
c/© ( 01)
* e ‘2ct Ifitt r  X \  < oo
( 02 )
whenever C ^  C 0 • I f  th ese  co n d i t io n s  a re  s a t i s f i e d ,  then  th e  i n t e g r a l
C*9
**t> j-
-TcOe I t  • CT“V
«/c  ( ° 3 )
d e f in e s  a fu n c t io n  Q (<p> ) which i s  a n a ly t i c  whenever <T>C^. The 
fu n c t io n  CJ ( 'p  ) i s  c a l le d  the  Laplace transfo rm  o f  ) ,  and *f ( t  ) i s
c a l le d  the  in v e rse  transfo rm  o f  « Op)* I f  the  fu n c t io n  ■f ( t )  s a t i s f i e s  
co n d i t io n s  (Cl) and (C2) then an<i a re  f u r t h e r  r e l a t e d  by
+ V10 Pa rooirs 1 +liDor>om •th e  a rsev a l  theore  
oo
[ -zc£ I 1 d t = _LZ7T
pco
(JL>
U
— Oe>
(C4)
He w i l l  now o b ta in  a s e r i e s  expansion f o r  th e  fu n c t io n  -f* ( t )
in  terms o f  orthonorm al Laguerre fu n c t io n s ,
(05)
where 4 (*■) i s  th e  Laguerre polynomial o f  degree n .  These polynom ials 
a re  determ ined by the  requirem ent t h a t
3 l  CxXfk CxD <Jx =  O ^ A\
(C6)
(C7)
and f u r t h e r  s a t i s f y  the  rec u rre n c e  r e l a t i o n
:£0c o  = -«T = Ct -x " )2 0<x.i.
( 08)
I t  fo llow s  from the com pleteness p ro p e r ty  o f  the  orthonorm al Laguerre 
fu n c t io n s  t h a t  any funcbion f ( t )  s a t i s f y i n g  c o n d i t io n s  (C l)  and (C2) 
can be approximated as
N
(C9)
where ~ T >  O i s a soal e  f a c t o r .  The fu n c t io n  T  . f t )  approxim ates
in the sense that, for any £ >othere exists an integer [\f such that
•e"ict /-fto - -fjLO I * i t  < £
(CIO)
Let Q ( ' p )  be th e  Laplace transfo rm  o f  -r ( t )  i* e '3fj r n
'  p / f t
( C l l )
Then hy tra n s fo rm in g  (C9) we f in d  th a t
= l a  (r- g - h -V  
( T - c  +  ^ r r + l
O ‘ffKr
( 012)
We now wish to  show t h a t  converges in  the  mean to  9 < ? )  w ith
in c r e a s in g  M  f when p = C -f-cuD . We' observe t h a t  th e  fu n c t io n s  2 * ^  
s a t i s f y  co n d i t io n s  (Cl) and (C2) w ith  any non -n eg a tiv e  C . T herefo re  
f o r  any C > C 0 and C-^-Othe fu n c t io n  i s  a l i n e a r  o
combination o f  a f i n i t e  number o f  fu n c t io n s  s a t i s f y i n g  (C l) and (C2) 
and so s a t i s f i e s  th e se  c o n d i t io n s  i t s e l f .  Thus i t  fo llow s  t h a t  th e  fu n c t io n  
• f  ( f c ) - f N( t )  must be r e l a t e d  to  i t s  Laplace tra n s fo rm , 9 (T > " 3 W(T ) 
by th e  P a rsev a l  theorem ( 04) ,
P °°.7 .c tl 1  ,  l
l e  IfCt^~-{^(Ol d t  = J _  I a(c+*u>)—^ C ctK o)/ o/to
2 tT jw "OO (C13)
when C >  e „ .  Then from (CIO)
oo
a T f
pi _i^
J  I 0 ( c + i < ^ I  d
oo (C14)
whenever i . e .  ^  )  converges in  th e  mean to  Cj
To o b ta in  a t r ig o n o m e tr ic  expansion o f  th e  Laplace tra n sfo rm
substitute (C12) with T >~C'+iiO into (C14) to obtain
2.7T
-)GO
U— OO
I q(c+i<o) -  a  - rr) /*" J<o < €
^  >rv=o s". ~J_ v'K-ti
Vt<  ^+  s-T/ (C15)
Change v a r i a b le s  by s e t t i n g
U O  ~  J _  c o t  0 .
S tT  2. ( c i6 )
to  o b ta in
—C j (  i- + X c ^ t o ^ a f c  -t-JLcoto) — Z~a -e j  d o  < €
&7T J I  2T  2- *T  •?. /TL!:o /
-7T
Thus we f in d  th a t
( 017)
_L -f- -L cot© ] tj Cc-t- _i_coCe )
,2.T 2TT 2TT 2
sf"
X  OL «  
n.~o ^
(C18)
in  the  sense o f  converging in  th e  mean. I f  we now w r i te
C j C c “K * t o >) — (C19)
where Q (c ,u > )  and ^ ( c , i o )  a re  r e a l  f u n c t io n s ,  then  comparing th e  
r e a l  p a r t s  o f  (Cl8) we f in d
t?te) =
N
I  a  CcrzstiO
^71=0 ** ( 020)
where
&ce) = x  q Cc. xcota) - x < ^ e  q Cs xcXeO
2TT 2 T  *  *  d x  3 T  *
(C21)
The r e l a t i o n  (C20) r e p re s e n ts  the  s tan d a rd  Chebyshev expansion f o r  ( J ( @ )  
so t h a t  u s in g  th e  w ell known form ula we have
A/
i  & ( o . )a 0 =  _ ! _  , .
A/-f / Js °  (C22)
and
/ /
01 =  2. _ 5 1  K C 6 ;)< c ^ « u 0 :. it 0
A / + /  (C23)
where
© j *  f e i +!) 3L
(A/ + / )  2, (C24)
A ll t h a t  remains in  the  development o f  the  th e o ry  i s  to  d e f in e  
the  s c a le  f a c t o r s  T  and C • Weeks O^oUproposes from e m p ir ic a l  
c o n s id e ra t io n s  t h a t
"T ■« i
N  (C25)
and
= C c c +  ± _  )  u T c o  + _ !_  )
f  t
/HOx.
where . U ( x )  i s  the  u n i t  s te p  fu n c t io n .  We s h a l l  fo llo w  th e se  s u g g e s t io n s .
The a lgo rithm  has been s u c c e s s fu l ly  t e s t e d  on th re e  examples, 
u s in g  a F o r tra n  programme w r i t t e n  in  s in g le  p r e c i s io n  a r i th m e t i c .  The 
r e s u l t s  a re  produced in  Tables Cl, C2 and C3*
Example 1.
Q C f > =  _—L —. i  - P e t )  =  » -  < t* R c
J  T 0 + 5 f )
Example 2.
-V (T H O
Example 3*
i
? 1+ t + \
»CO X- ^  AUy
3
ex ac t  P ( i )  approximate m )  f o r  N
0.201897
0.246597
0.301194
0.367897
0.449329
0.548812
0.670320
0.818731
1.000000
1.221403
0.35738
0.38255
0.40851
0.43511
0.46221
O.48967
0.51731
0.54495
0.57242
0.59953
0.35737
O.38256
O.4O85I
0.43510
0.46220
O.48966
O.51729
0.54495
0.57243
0.59952
Table C.l. Example 1.
t exac t  *f( £ ) approximate *f( fc) f o r  N ~ 30
0 .0 1.00000 O.99148
0 .5 0.93847 0.93695
1 . 0 . 0.76520 0.76391
1 .5 0.51183 0.51326
2 .0 0.22389 0.22369
2.5 - 0.04838 -O.O48I 8
3 .0 - 0.26005 . -0.26135
3.5 - 0.38013 -0.37923
4 .0 - 0.39715 -0.39989
4 .5 - 0.32054 -0.32051
.5 .0 - 0.17760 -0.17704
5 .5 - 0.00684 - 0.00922
6 .0 0.15065 0.15131
6 .5 0.26009 0.26332
7 .0 0.30008 0.30019
7 .5 0.26634 0.26562
8 .0 0.17165 0.17471
8 .5 0.04194 0.04548
9 .0 - 0.09033 -0.09177
9-5 - 0.19393 - O . I 9849
10.0 - 0.24594 -0 .24788
Table C.2. Example 2.
t exact approximate fU) for If = 30
0 .0  0.000000 0.000000
0 .5  0.377345 0.377345
1 .0  0.533507 0.533507
1 .5  0.525424 0.525424
2 .0  0.419280 O.41928O
2.5  0.274110  O.274IIO
3 .0  0.133243 O .I33243
3.5  0.022128  0.022128
4 .0  -O.O4953O -O.O4953O
4 .5  -0.083449 -0.083449
5 .0  -O.O87942 -0.087942
5.5  - 0.973722  -O.O73722
6 .0  -O.O50892 -O.O50892
6.5  -0.027239 -O.O27239
7 .0  -O.OO7644 -0.007644
7 .5  O.OO5714 0.005714
8 .0  0.012715 0.012715
8.5  O.OI45I I  O.OI45H
9 .0  0.012805 0.012805
9 .5  0.009302  O.OO9302
10.0  0.005385 0.005386
Table C.3« Example 3.
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PART I I
THE RADIATION OF SOUND FROM A CIRCULAR PISTON 
SET IN AN INFINITE NON-RIGID (SOFT) BAFFLE
> i .  XXI b i . ' U U U U  0 XUX1
Most a c o u s t ic  t r a n s m i t t e r s  ( o r  r e c e iv e r s  ) a re  p laced  
in  some k ind  o f  b a f f l e  which then  e f f e c t s  the  r a d i a t io n  ( o r  
r e c e p t io n  ) o f  sound. In  o rd e r  to  make a m athem atical 
in v e s t i g a t io n  in to  the  m odifying e f f e c t s  o f  the  b a f f l e  i t  i s  
n ecessa ry  to  make c e r t a in  s im p l i fy in g  assum ptions  ^ The shape 
o f  the  b a f f l e  can be id e a l i z e d  as a sphere ,  an i n f i n i t e  p lane 
o r  perhaps an i n f i n i t e  c i r c u l a r  c y l in d e r  while th e  b a f f l e ' s :  
p r o p e r t i e s  may be assumed such th a t  e i t h e r  th e  v e lo c i ty  
component normal to  th e  b a f f l e  v a n ish e s ,  ( r i g i d  b a f f l e  ) ,  
o r  th e  p re ssu re  on th e  b a f f l e  v a n ish e s ,  ( s o f t  b a f f l e  ) .  I t  
i s  then p o s s ib le  to  determ ine the  r a d i a t io n  f i e l d  p a t t e r n  
produced by th e  t r a n s m i t t e r .
I t  i s  the  purpose -of t h i s  study to  in v e s t i g a t e  the  
r a d i a t io n  produced by a f l a t  c i r c u l a r  p is to n  s e t  in  a. n e a r ly  
s o f t  p lane b a f f l e  and perform ing h igh frequency o s c i l l a t i o n s .  
In  p a r t i c u l a r  th e  r a d i a t io n  f i e l d  p a t t e r n  a t  la rg e  d is ta n c e s  
from th e  p is to n  w i l l  be e v a lu a te d .  S im ila r  problems have 
been s tu d ie d  by o th e r  a u th o rs .  Morse and Ingard , L i ] ,  
o b ta in ed  a s o lu t io n  to  the  problem by ta k in g  the  normal 
v e lo c i ty  p lus  th e  a c o u s t ic  impedance to  be co n s tan t on the  
p i s to n .  M angulis, L ^ 3 ] ,  has cons ide red  the  case when the  
p is to n  boundary co n d it io n  depends only on th e  normal v e lo c i ty  
o f  th e  p i s to n .  An approximate form ula i s  de r ived  in  fo r
th e  case o f  a n e a r ly  r i g i d  b a f f l e ,  e s s e n t i a l l y  by means o f  
p e r tu rb a t io n s  on the  s o lu t io n  f o r  a r i g i d  b a f f l e .  I n C ^ l  a 
num erical in t e g r a t io n  of the  governing i n t e g r a l  eq u a tio n  o f  
th e  problem i s  c a r r i e d  out f o r  a range o f  v a lu e s  o f  the  
a c o u s t ic  adm ittance o f  th e  b a f f l e .  I t  i s ,  however, advan ta­
geous to  a d e s ig n e r  to  have a v a i la b le  simple formulae f o r  th e  
computation o f  th e  r a d i a t io n  f i e l d .  S h a i l ,  Ch- J ,  o b ta in ed  
such form ulae, f o r  th e  case o f  a n e a r ly  r i g i d  b a f f l e  w ith  the  
p is to n  perform ing low frequency o s c i l l a t i o n s ,  by means o f  a 
sy s te m a tic  ex ten s io n  o f  C.x3 . A method f o r  th e  s o lu t io n  o f  
th e  case of a n e a r ly  s o f t  b a f f l e  w ith  th e  p is to n  perform ing 
h igh frequency o s c i l l a t i o n s  i s  a lso  suggested  in  L4-J . This 
method w i l l  be developed in  the  p re se n t  p iece  o f  work.
I t  t r a n s p i r e s  t h a t  th e  i n t e g r a l  equa tion  governing  the  
p re se n t  s i t u a t i o n  i s  i d e n t i c a l  to  t h a t  found when c o n s id e r in g  
th e  d i f f r a c t i o n  of a normally in o id e n te d  plane wave by a r i g i d  
d i s c .  .Numerous au th o rs  have t r e a t e d  t h i s  problem in  b o th  the  
low and high frequency ran g e , ( e .g .  Jo n e s , Cb"j W illiams, 1*1  
Noble, ) .  The a n a ly s is  o u t l in e d  in  J  w i l l  be used h e re .  
Much o f  th e  fo llo w in g  work w i l l  be concerned w ith  th e  asym ptoti 
e v a lu a t io n  of the  fu n c t io n s  t h a t  a r i s e  in  Jo n es ' method. The 
work i s  com plicated by the  f a c t  t h a t  uniform asym pto tic  
expansions cannot be o b ta in ed  f o r  the  range o f  param eters  
cons ide red . In s te a d  expansions v a l id  f o r  v a r io u s  subranges 
must be found. These w i l l  be used to  form a composite graph 
o f  th e  f a r  f i e l d  r a d i a t io n  p a t t e r n  f o r  v a r io u s  com binations 
o f  a c o u s t ic  impedance o f  th e  b a f f l e  and f re q u e n c ie s  o f  
o s c i l l a t i o n s  of th e  p is to n ;
A r i g i d  p lane  c i r c u l a r  p i s to n ,  P, o f  u n i t  r a d iu s  i s  s e t  in  an
i n f i n i t e  n o n - r ig id  p lane  b a f f l e  B. In tro d u ce  a system of  c y l in d r i c a l
p o la r  c o -o rd in a te s  ( p  ^  g  ) ;  the  p is to n  occupies  the  reg io n
O <  JSLTT ) and th e  b a f f l e  i s  d e f in ed  by ( z=:(^  0 « ^ < 2 7 T ^
The re g io n  2 . > o  i s  f i l l e d  w ith  com pressib le  f l u i d  o f  d e n s i ty  £• and
/ °
speed of sound C • The p i s to n  execu tes  fo rced  v ib r a t i o n s  so t h a t  
i t s  v e lo c i ty  normal to  i t s  p lane  i s  v  Ctco £ J  • ^  we w r i te  the
v e lo c i ty  p o t e n t i a l  o f  th e  f l u i d  motion as D&totfc U  then  th e  fu n c t io n
if* s a t i s f i e s  H e lm o ltz 's  eq ua tion
( V * "  + £ v)  Y  = 0  ( 5 - 2 . 1 )
where ( ? - W c  . We r e q u i re  a s o lu t io n  o f  equation  ( 5 . 2 .1 )  s u b je c t  
to  th e  co n d i t io n s
c) y  “  V 071
^)-2 : ( 5 *2 . 2 )
V f  = A $ C r V  OK C s= 0  ^ /</*> )
V s  ( 5 .2 .3 )
and f  r e p re s e n ts  ou tgo ing  d is tu rb a n c e  a t  l a rg e  d is ta n c e s  from P
(5-2*4)
where O* i s  p ro p o r t io n a l  to  th e  complex a c o u s t ic  adm ittance
The case O  corresponds to  a r i g i d  b a f f l e  and c r ~  g iv es  a sound-
s o f t  b a f f l e .
Follow ing Mangulis J > , 3 1  we employ an i n t e g r a l  r e p r e s e n ta t io n  
o f  ( 5 . 2 . I )  s u b je c t  to  c o n d i t io n s  ( 5 *2 . 2 ) to  ( 5*2 . 4 )* b e t  £r(£'^'fT0 ) 
be the  G reen 's  fu n c t io n  s a t i s f y i n g
wnere $ \ £ )  l s  tlie dim ensional D irac d e l t a  fu n c t io n ,  ^  ^  )
* —'$•
r e p re s e n ts  ou tgo ing  r a d ia t io n  a t  i n f i n i t y  and s a t i s f i e s  the  c o n d it io n
sLIr a X %<y (j o-n. o  x s )
( 5 . 2 . 6 )
I f  we w r i te  c r  ~  —a. 5f w ith  then  th e  G reen 's  fu n c t io n  s a t is fy in g
th e se  co n d it io n s  i s  given hy Mangulis U 3  j f  to  be
Gr *• y y
"R
ucO (5.2.7)
where
‘‘R , «  [  (yc-X-o'f'-f- "t- f e 2 b ! 1* 3
X2.
When V<o the  G reen 's  fu n c t io n  co n ta in s  an e x t r a  term which 
r e p re s e n ts  a d is tu rb a n c e  propogated along th e  boundary w ith  a  v e lo c i ty  
C ( i . e .  a  su rfa c e  wave term ) ,  and
^  — Gc ^  2-Tri V^  £ /xp  I V * J / ^
( 5 . 2 . 8 )
An a p p l ic a t io n  o f  G reen 's  theorem now shows th a t
This i n t e g r a l  equa tion  i s  the  one so lved  n u m eric a l ly  in  £ 3 * 3 .  As we.- 
s t a t e d  above we w i l l  no t a t tem pt such an e x e rc is e .  R a ther  we fo llow  
th e  method suggested  by S hail  M  and proceed as fo l lo w s .
Suppose t h a t  the  b a f f l e  i s  s o f t  in  the  sense t h a t  
Then f o r  f  l e r / »  I c o n d it io n  (5*2 .3) w i l l  be approxim ate ly
f  -  O  CTVT- f < / » )  ( 5 . 2 . xo)
Thus on tL - O  y  w i l l  be" approxim ately  equal to  4^  , where 4*^
s a t i s f i e s  equa tion  ( 5 ' .2 . l )  and th e  co n d i t io n s  (5 * 2 .2 ) ,  ( 5*2 . 4 ) and
( 5 .2 .1 0 ) .  S u b s t i tu t io n  o f  f o r  ^  in  th e  in te g ra n d  o f  ( 5 . 2 . 9 )
g ives  the  approxim ation
<x¥(/r')~ -  1
¥ k ?  ( 5 . 2 . 11 )
I f  we a re  to  use t h i s  ex p ress io n  th e  fu n c t io n  must be found.
The G reen 's  fu n c t io n  s a t i s f y i n g  (5*2*5) and the  c o n d i t io n
=  0  crrv ( ^ = 0 , 0 )  (5 .2  = 12)
i s  found as
%  ^  (5 -2 .1 3 )
A s u i t a b l e  i n t e g r a l  r e p re s e n ta t io n  f o r  i s  found th rough
a p p l ic a t io n  o f  G reen 's  theorem as
From (5*2 .2 )  an i n t e g r a l  equa tion  w ith  which to  determ ine 4^  i s  
found, namely
T(<rx> f k  / ] j . clso ) 
wl-o\ l'£-/£n I /  J*?o -2-0
(5 .2 .1 5 )
This  i s  th e  i d e n t i c a l  i n t e g r a l  equa tion  which a r i s e s  in  th e  problem 
o f  d i f f r a c t i o n  o f  a norm ally  in c id e n t  p lane wave by a r i g i d  d i s c .  
Numerous au th o rs  have t r e a t e d  t h i s  problem in  th e  low and h igh  
frequency reg io n s  ( e .g .  Jones / > ,  4 J, W illiams Noble f  2 1
and Newby C 9 U ) .  Below we w i l l  fo llow  th e  techn ique  dev ised  by 
Jones b u t  f i r s t  we w i l l  o b ta in  the  g en era l  ex p ress io n  f o r  th e  q u a n t i ty  
we a re  i n t e r e s t e d  in ,  the  f a r  f i e l d  r a d i a t io n  p a t t e r n  fu n c t io n .
Since we a re  concerned w ith  the  f a r - f i e l d  where I r l  th e
G reen 's  fu n c t io n  s r 0 ) be re p la c e d  by i t s  asympotic
r e p re s e n ta t io n  ( see Appendix 1 ) ,
£ 0 0 0  0  . 0 Ccr> (<fi—ft) J e
Cc®0 ih cr ( 5 *2*16)
Eence s u b s t i t u t i n g  t h i s  ex p ress io n  in to  (5 * 2 .1 l )  we f in d
rxs — CtX&B _ (v -^ k cr% (d :S )
2jt  (cxP 0t*cr)  > r  0
olyi
(5 -2 .1 7 )
The annu la r  i n t e g r a t io n  can be c a r r i e d  out immediately t o  give
^  ~ Go** O
Cey^Q ‘i-CT t
p ( v ~ i h r  VK < ^ ) )  X
9
-A-
K
/ r
I f  we w r i te  t h i s  as
- Y u - 3 -  v_ £  C ©) g  
2. s r
( 5 . 2 . 18 )
( 5 . 2 . 19 )
then  £  ( O )  i s  th e  f a r - f i e l d  r a d i a t io n  p a t t e r n  fu n c t io n .  A f te r  
e v a lu a t in g  the  i n t e g r a l  in  ( 5 .2 .1 8 )  vrhich i s  independant o f  Y  we 
f in d  th a t
£ ( © )  -  C*OQ Q (?L~^\
I  1 mu 11 l 1 > <fwiMifr T 1"
co> 8 + c r  I />tw ©
*+* o  \
J  ( 5 . 2 . 20)
where
FC©^  - ~JLiS ( f> 0)
(5-2-21)
In  o rd e r  to  e v a lu a te  F (  © )  we must f i r s t  f in d  %  ( /° o   ^ fey 
s o lv in g  the  i n t e g r a l  equa tion  ( 5 *2 . 15) .
5«3 Solution of the integral equation
Jones f  5 -J  has shown th a t  equa tion  ( 5 . 2, 15) may "be converted  
in to  the  form
f  -^/l +-i- f  vf(/z>d (&*<■ ) J/Z.
JjC <4 J9 \ /
-  - j £  j d v Co-5  X . ^ 0
(5 -3 .1 )
I f  we i n t e g r a te  th e  second term by p a r t s  and apply the  c o n d it io n  '¥"<•0 = 0  
we have.
f  c^ >0 — /i h^ cod ,dU\ {iif-x") *■} _
/>!
■^ u f e r ^ - x ^ j T o c Q c l A  =
0  u
s  “ J L  f V c S - f 6 ( x * - v V }  d v
X  ( X v -  Yv)  ^
k
(5 -3 .2 )
Put ^ fC = 2  * ^ V —y  5 th en  f o r  we have
3  { K  ( t - Z  A ?  X  '(t o l t  -  JfM />U f  f t  ( - * ) * ]I ( - Z )  1
r
b K ( k ~ z ) K
= - v ' o |?  f f  (Z -M > ;0  Jlu
(5-3-3)
W/j can rewrite this as
J
Y ( t K) jit 
c ' L ( t  - £ ) ' <
c - z )
( 5 . 3 . 4 )
Hero we tak e  ( fc — 51 ) to  mean I  ( £  ~  t  ) ** when > £  • Now
I cos <G/ |
/ - I  '4/: **x
*  J m “>t T  /i b e
i/t << ^
( 5 . 3 . 5 )
where H ( x )  i s  th e  H eaviside u n i t  fu n c t io n  and the  p r in c ip l e  va lu e  
o f  the  i n t e g r a l  i s  taken  ( see Appendix JX ) . Also
vc
Ocrz ( S ( o c - a >  Q c o c v  C j x  C t -  £ )  0  p i ^  - •  - x  / I
( 5 . 3 . 6 )
and
i
*
coo
C x - z ^  (‘- ■ z ) v* 4
~JC *
*= 2 . S C ^ x * i )
(5 -3 .7 )
j/ ^  v
M u lt ip ly in g  both  s id e s  o f  (5 .3*4) t>y ( x ~ ^  ) Coo ( & ( x ~ ^  ) * ✓ j 
i n t e g r a t i n g  w ith  re sp e c t  to  zE from O to  X  and u s in g  th e  above 
r e s u l t s ,  our equa tion  becomes
r . W ' A
O t
t ' - x *
7C
Y A t ^ i  irac«S-x.-b) I t  
t ‘< d
■%.i lrf( ° ) [ . a u i u j t h  -  ~V>j :os(f;C>c-zy) <Sl ( f j ( z ~ i )  1) o| t .<\?-
3  i z ' c x - ^ i  c z - n 1*-
( 5 . 3 . 8 )
I n te g r a t i n g  the  f i r s t  term by p a r t s  and n o t in g  th a t  t o >  ~ O t h i s  
becomes
1 <s* f  - s M tK x * )  '<)
f w > / .
JL t *  I  « * + * < ) a " * - * ’"*
I t  =
* 2  
= D J ego  (j< 6c.-20*) j c - R ( i l f e - t ) 0  1 1 . J  Z
1  z ^ C x - z > *  JL f s  - 4 ; 41
Put t  = u>* je.= / 1 » then
( 5 .3 .9 )
I ,l(- . /  —<‘£(<otlO -lU C ia-V } \  , oHfCtoM e  - - e _______  /cJLo =  6  <>0,co-t-v 00 "  V ( 5 . 3 . 10 )
where
3>_
2.
Coo
WQ j 0  ( S - 0  *
“  —  f  e a s i l y ' - - g ) 1)  . k R f i b ’O  J
% J0 Z .^ C v ’- -^ )*4
=  2.V S t  C f rO
(5.3.11)
Let
■f (V ) =
O GO -  V
(5-3-12)
Then from M ikhlin Cv<0 we f in df 2
-X^uJ
=  -  '
TT^Ui^O
^  P . “C^\/ .
y  (i~~v) - H iO e  J y
o y  *“ oo
c
(5 -3 -13 )
I f  0  i s  chosen to  make Y c o  = o  , then
to
t o  J T V
('-*(—A1 •f(^e~tKVo/ V/
\1~V /  ( 5 0 . 1 4 )
' ViHCt'OrtV)I f  we m u l t i p l y  t h i s  equa tion  by -£ /'(.Od-t-V ) and in t e g r a t e
w ith  r e s p e c t  to  <-A*^ over ( ^  J ) ,  then a f t e r  making use o f  th e  r e s u l t
( t  I* J  )
1
  d u o  =  - v r  f 1^ ^ )  t- o < ^
y  f t o - t i / 3  ( u > - t )  t  + V \ v /
(5 -3 -1 5 )
we have
e _____
J0 tOTV
H^fCoS) Ju) ~ - - e
M
(5-3.16)
Thus we o b ta in  th e  e q u a t io n  ox th e  second, i tm d
• f  ( Vs) =■ -  Q C v ) *1> rV\ Je
V /  7T o l w  t +v
( o  <  V' O  )
The nex t s te p  i s  to  s e t  up an i t e r a t i v e  scheme b 
which t h i s  i n t e g r a l  eq u a tio n  can be so lv ed . Set
•Pcvv —  A •e
- 2.V £ + v
cAt +■
then  eq u a tio n  ( 5 *3*17 ) may be w r i t t e n
-  A + Q v )  = l v  $ i ( f o
t+V &
~2.v/
/  \Hl
“ ( L ± * ) t s _
\  v /-n - J \ T t )  b-tV \
- A  f  e - ,/?Cu^ J i o )  i t
J CO"t £ /- z v
Now
_Z_
o.
A t
t  + v
-V - 2 v
(5.3.17)
means o f
( 5 . 3 . 18 )
( 5 . 3 . 19 )
( 5 . 3 . 20)
so t h a t  we may w r i te  ( 5 ?3*19 ) as
f,(v) = A
°  -ifla-iv)
-e  _  ole -  ml
- t k a + v y  
<2- cAt
t  + v-zv b -t-v** zv
1+v 'fL  AI _ e _
l - t / i - t v '  \ J  u?*t I*
~2~fo
V /  -7T
o|ooV/U
(5 .3 .2 1 )
I f  we choose a = ^ £ "  t h i s  becomes
r ,  n ■ / A - r f v p '  . k  ,.
T , ( V )  =  M )  I o ( t -  ( ,• •< > /)  e  I (  t  \ e.
£ j  t + vO V/7T JAl-bJ b+v
fk \ v j  -rr J0\ l - t J  t + v  4, co- t
oico. cJ.fr
(5.3.22;
Now ( Q i l ]  )
t  V1 i t CO
1 -  £  J (b + v )(b -u > >) co*fV \  \ J+V/ \co~ l
V H o * - o j
(5.3.23)
so t h a t  a f t e r  r e v e r s in g  the  o rd e r  o f  i n t e g r a t i o n  in  th e  r e p e a te d  
i n t e g r a l  o f  ( 5 . 3*22) we f in d
,<!W _Z/!(cO-fV) /  \ £  J
£    i - i * ^ .  j cA AO
\ w - l /  .
f  ( v )  -  £ s / i ± y \ *
ft U / 60 +  v
1, s >; v)
A *h Y  1
V J T\ o0 \ \ - t J  ( t+ v )
L . X t £ l l  f c t o  A t
(5 -3 -2 4 )
P u t t in g
= /  1 +v\  A-e /7 (v 0
(5.3.25)
¥e a re  seek ing  a s o lu t io n  v a l i d  f o r  high f re q u e n c ie s  i . e .  R » i  
we t r y
Oi /  Ay P I , i \  vO ii  .1
n (v ')  = /  j £ ,  \  * _ L fO  jg J  t  +  M^ CvO
so
1+v/. J0 £~v
(5 -3 .2 ? )
where L , ( t  ) w i l l  be d e f in ed  below. Then s u b s t i t u t i n g  in to  - (5 .3 .2 6 )
('Lev?) = $ , ( \0
.CO
»+v/ J t* V
o
-  j l
TT C/
I 3;
|  1 -fcO \
\ \~loJ
H -  2i/luO .€. cloJ> —
—  j__
TT*/
.oo
<J WO . <j t
(5 -3 .2 8 )
A f te r  u s in g  (5 •3•23) t h i s  becomes
7T
(5*3.29)
The fu n c t io n  L t ( j L )  i s  now_defined in  such a way t h a t  th e  f i r s t  two 
terms on the  r i g h t  hand s id e  o f  ( 5 *3*29) v a n ish  i . e .
o \  b - b i - v  )
l t Cv)
V /
(5 .3 .3 0 )
Jones has o b ta ined  the  s o lu t io n  o f  t h i s  i n t e g r a l  eq u a tio n  as
l , ^  = h u ?
*b~tT t c ?C.
Cx ciX
( 5 . 3 . 31)
where
M j . V j )  = W » V \ o C£x~) I  ( ^ p  ~ Mr •xt  U , H x )  ~X  C%m)
(5 .3 .3 2 )
and a re  the  s ta n d a rd  Hankel and B esse l  f u n c t io n s
r e s p e c t iv e ly .  In  th e  rem aining i n t e g r a l  in v o lv in g  L f b )we n o te  the
.  .  -  %
presence o f  a f a c t o r  ( *• ) • This su g g es ts  t h a t  i t s  v a lu e  w i l l
be sm a lle r  than  b t "by a f a c t o r  $  and. th e r e fo r e  sm a lle r  than 
provided  the  d i f f e r e n c e  between o rd e rs  o f  magnitude o f  and i s
no t too g r e a t .  .As a r e s u l t  we should ' expect H  to  be a sy m p to t ic a l ly
re p e a te d  we should  o b ta in  an i n t e g r a l  equa tion  w ith  a s t i l l  sm a lle r  
s o lu t io n .  This w i l l  be v e r i f i e d  l a t e r .
T h e re fo re ,  n o t in g  the  form o f  f ( V ) ,  we form th e  i t e r a t i o n
scheme
where
n ( v 3  = 2 _  H cv") 
AX
(5 -3 .3 3 )
CO
V»+vy
L  J L )  J  t
Jo t■ - v (5 -3 .3 4 )
f t
L  0 0 = J L s l ’' 3At O
f^*7T t c
pwO . D
{ •€. n ^ r x / j )  I
o \  x /  (5*3* 35)
tZve d
$ ( 5 .3 .3 6 )
J t e X i a-~)c t+ j) Zi (5 .3 -3 7 )
Note t h a t  in  view o f  the  po le  a t  9C ~ Q  in  the  in te g ra n d  o f  (5*3*35) 
we must tak e  th e  Cauchy p r in c ip l e  o f  th e  i n t e g r a l .
I t  i s  now p o s s ib le  to  o b ta in  an ex p ress io n  f o r  i n  term s
o f  JL and • In  view o f  ( 5*3 . 25) w e  niay w r i te  ( 5 . 3. I 4 ) as
A,
K iK toh-ir- / \'2. ‘ r— r  /  \**~ [  . X^ ( u o >  = ~ ( > ~iL\ e  j / _vl\ e  _  / f t ** ) ^
\  u> )  ~f fL J 0 \i<rV/ Cv*-U>3 \ \  V /
But from £  / /
1
p ^ - i g c ^ - t O
o
cAl' ^  cAv 
J
o
(5-3.38)
_ v _ \ i _ x A v _  = t t -/iO _ \ j (t-^ y-+2L f i_ V H f t - 0 ,
i-v/(v-io}(v-fc) \i-«v (w-oU~i/ (5.3.39)
Co< O < ( )
so th a t  we f in d
Y7(<o3= - i V  + H\  «o / J< i&o42 ^ :vTT 8 J t  vA'***//  to
\  tfz<x> P1
-  I ) - t o  \ €  .  _[±if) -e x
t o  J T T / - V /  (V-U>3
00
X ZI f  
ft--° W /
PO
1
t - v
(5.3.40)
Hence a f t e r  some elem entary  m an ipu la tion  o f  th e  double i n t e g r a l  oh' th e  
r i g h t  hand s id e  o f  (5 »3*40 ) we see t h a t
*=0
M o
(5.3.4 1)
where
  v , - 1. ^  to /  cO /)C l f  CoCn) =  L  ( t o l £  -+- j I ~ iQ  \  ~ - g  J ( (~  t o ' )
j  tf*<
^  /  TT
yv
(5 .3 .4 2 )
From the  p reced in g  work we see t h a t  th e  f a r - f i e l d  r a d i a t io n  
p a t t e r n  fu n c t io n  may he w r i t t e n
©o
£  (OJ ~ coo  Q
C e o © t  cr
(  S. J. -f c r  ^
\  ^ /ouv\©  H ° J  ( 5 . 4 . I
where
FVe"> = -2i
v  J
CO oO
- & I
VTT J
tJ?<
CO
J" 'I -r~  o >. t#iu:>/5 1
*  Ci-co) j  Cco e  /  r-co> cAtO
»v/1
( 5 . 4 . 2 )
We w i l l  now transfo rm  t h i s  ex p ress io n  f o r  F"( 0  ) in to  one more 
s u i t a b l e  f o r  an asym pto tic  e v a lu a t io n  and in  the  p ro cess  w i l l  f in d  
t h a t  a c e r t a in  amount o f  c a n c e l la t io n  w i l l  occur in  F( 0 ) .
We w i l l  co n s id e r  f i r s t  
I
co o j u o & c K k e V '  ol uO =
cO
tO
CO
CO
4
«) Cto^/2 U\ r to) dco
( 5 . 4 . 3 )
^  . The f i r s t  i n t e g r a l  on th e  r i g h t  hand s id e  o f  t h i s  eq u a tio n
can he w r i t t e n  as
A fte r  changing the  o rd e r  o f  i n t e g r a t i o n  on th e  r i g h t  hand s id e  o f  
( 5 . 4 . 4 ) th e  in n e r  i n t e g r a l  becomes
AO cioO — ^ - x ] { 0 ( p ^ )
.00
»o*“ j0(u>fio 1*0 )^ J. c j?
- 1..J5G ~uO
poo
AO
o xS-co4,
\  Cu> cA t o .
(5.4.5)
Now provided  ~ t < < 2. and -w. i s  a H~ve in te g e r  (see  Appendix I I I )
C O
AO
.*• -  oo7"
VA.
J GXiob J%. ^0^0)cL  -  X(^>3^Ce6cO
2.
( 5 . 4 . 6 )
>oun 0  4  i
so t h a t  (5*4 .5 )  may be w r i t t e n
J 0 C*o !?£U<£)) f ' \  f  J o o  -
00
CO
= 2.7r  acx* 3 ^ Hc c S o  H , rj£x.} ^ r )
J . U U O  «  t/ A J . a u
- a
/n °
— y
7T
_  oo
'*. ' 0 O »s>c O+xO H:Cx.>  ^ J o ( x y M 0 J  cAxi\ U
( 5 . 4 . 8 )
Let us consider next the second integral of (5«4*2). For convenience 
we set
f t  CE.  ^ -  z L ^ C l - S ) '  £  5 (-*OA.~t !
( 5 .4 .9 )
We now examine the integral of tx( •£: ) ^ound the contour £  in the 
complex 2 -  plane. C, is shown in fig. 5*i*
^  - p U vv<L-
fig. 5*i*
tL ) i s  r e g u la r  on ana w i ia m  so -cnax
J
(* C 2O cA Z. —
c I (5*4.10)
Since i t  can be shovm th a t  th e  c o n t r ib u t io n s  to  t h i s  i n t e g r a l  from ^  , 
and £ p ? a re  each zero we f in d  t h a t  as  —> 0 0
Cuob “
tco I 4 100
'ScV ^civ -  1 c W
e>
(5 .4 .1 1 )
Next we deform th e  contour o f  th e  f i r s t  i n t e g r a l  onto th e  n e g a t iv e  
r e a l - a x i s  by c o n s id e r in g  the  i n t e g r a l  around C  ( f i g . 5 . 2 ) .
C
2E -  plcxifv^-.
fig. 5.2.
Tne c o n t r iD U T io n s  t o  t n e  l n t e g r a x  ir o iu  i etna \ may  ue sn o w n  t o
I 7.
be z e r o ; so th a t^ s in c e  t ?  ( ?£ ) i s  r e g u la r  on and w ith in  as 'R
Hence
( o©
J
co
^  Cl-»^b cX uO
(5 -4 .1 2 )
ICO{?.CtO^cXtO = - A  I / - O ^  0 -i t o )  -e  £ /0 u * .O ^  f  foo^ J to
J I + ACO J/ t&oCO ( I - C d )  -E  J q C c o ^ O ^ A © ! )  J ^ +(C o a }  c A c O  .
( 5 . 4 . 13 )
Combining (5*4*3)> (5*4*8) and (5*4*13) In  (5*4*2) we now f in d
f o r
F ( e ) * ~ z tVn. -----a a  Ijl. f
»  L t t J
00
60 0"/*CO.) €- t)- (w> KyO:*i.0X catO
Io©coe o^Cto v*c c/*tO
AO
1 “jL, I to ( i+ « i)  -C OoC o ^ w 0 )  c ltoIX
“ _L
- r r
1+ioO
p < o - ) V l  c— ■> T  C co  K />»-«. 0 )  c io O
VtH* }
(5 -4 -1 4 )
From t h i s  ex p ress io n  i t  i s  obvious t h a t  c a n c e l la t io n  w i l l  occur in  the  
ex p ress io n  fo r  F( Q  ) ,  We f in d  th a t
F  (@) = - n g
'P L U
» ijlcO __
0 )  L (  uS) < AcO
L f to ** Cl-iOA *€. C^~to) "3  ^(lo K^!At0) ol'
7T
co
- z
TUr,
- i l C o - r -  O N ,  V
co €. <Jfs (to JvOu* 9 )  i.*r«£>cAUO
I -fvCOO
_L J to ACi-to) -e. <Atoj j
(5*4 .15)
In  view o f  t h i s  ex p ress io n  we now re d e f in e  the  F^( 0  )
ao €. Cto R/Si*. 0 )  L0 (co} olF < e ^  t= s i i  © ..—".
Vf f f uO
l"H CfiO
T T
(5*4.16).
~  -i*wF^ (9)= ^ c  ^J I uo%- /L(vfto') c!
+  -L 
TV J
f i  '  %  t R *
to n+i Ico* 0 - o > ) Je ‘ " 7  <-«■) T C o ,* J ‘ o
( 5 . 4 . 17 )
The c o n d i t io n  pj CT|»  I has a l re a d y  te e n  imposed on the
problem and we now f u r t h e r  impose th e  c o n d i t io n  t h a t  % i t s e l f  i s
e v a lu a te  F( Q ) a s y m p to t ic a l ly .  In  doing t h i s  we must c o n s id e r  th e  
magnitude o f  ^ s i n  0  • Three reg io n s  e x i s t  ( f i g .  5*3j»
( i )  j ^ s i n S f  no t la rg e
( i i )  / $ s i n © /  l a rg e  and s in  £ > / « £
( i i i )  / $ s i  n O j  l a r g e  and /  7? s i  n O i  —> $
-
/
U<)
N  e«-o^vjljs ^regitoivys
O ~o
fi& . 5*3«
( i )  1 j j( s i n ® /  «  j
( i i )  I s in  &/  o f  medium s i s e
( i i i )  /  / / s i n ® /  >>  I
In t h i s  work we m ain ta in  t h a t  ( i )  and ( i i )  can he combined by s u i t a b l e
a n a ly s is  in  reg io n  ( i )  and th a t  ( i i i )  i s  bounded above by reg io n  ( i i i ) .  
These hypothoses w i l l  be t e s t e d  w ith  num erical r e s u l t s  o b ta in ed  below.
Before going on to  in v e s t ig a t e  th e  asym pto tic  forms o f  F0 ( & ) 
and F„A( 0 )  i t  i s  u s e fu l  to  o b ta in  the  e x p ress io n s  f o r  ) and
( t o  ) f o r  These c a lc u la t io n s  a re  performed n e x t .
9 0  Asympijo-cio tiAraiuaxion 01 ^  ' l a r g e  k  «
We w i l l  f i r s t  co n s id e r  th e  fu n c t io n  l a  u ) d e f in ed  byA
eq u a tio n s  (5* 3* 35) an& (5*3*32). Before p roceed ing  w ith  the  a n a ly s is  
c e r t a in  assum ptions about f . ( ^  ) must be made. I t  i s  assumed t h a t  
i s  r e g u la r  in  the  p o r t io n  ^  tj | o f  th e  complex ^  — 
plane and th a t  i s  bounded as  j vj | -?> <?0 in  t h a t  r e g io n ;  t h i s
i s  c e r t a in ly  t ru e  o f  ^  )• The fu n c t io n  has p o les  a t
5>C — — ( c f .  (5 *3 *32) ) so t h a t  we may w r i te
U
A 5 ^  -e-1 f \ c x , j V  d x .  =  o
( 5 . 5 . 1 )
where C. i s  the  contour in ' the  complex 9c- -p la n e  shown in  f i g .  5*4 
below
x.
f ig*  5*4'
The dominant behav iour o f  the  Hankel fu n c t io n s  in  a t
i n f i n i t y  in  arg .x .  ^  “ 'k.*7^  i s  given by a co n s ta n t  m u l t ip le  o f
-  L & x. s  k
-<c /  x . . Therefore when account i s  taken  o f  the  assumed
p r o p e r t i e s  o f  and we l e t  “R  the  c o n t r ib u t io n  to  (5*5*1)
from the  i n t e g r a l  a long  F]1 i s  found to  be zero .  We can a lso  show
UliO/lz lyViiOl JLUUUJ.UU S. JLSJil i ' „ CJ'O # ^ -L O XUt?
c o n t r ib u t io n  from the  i n t e g r a l  a long  FL i s  found as fo llo w s .  On
r, -  ~ Mwe cyj /may w r i te  sc = tie  whore o  ?  p  ^  - 75-  . Thus we have
.j?, \-.<.?{c«r« y )
\ m+ec* /
—11 c/
I f  we now l e t  £-* O and no te  t h a t
ici^) - h  ~C&j) JoC^ j) = - 2 i- 
 ^ 7r^
(5-5-2)
(5-5-3)
then  we f in d  t h a t  ( 5 . 5 *2 ) becomes simply
- iR ‘
(5-5-4 )
Thus we f in d  t h a t
O i ^ c\ f 4X3 v^Lf) - i^x .
He ^  1 / j + x j  e  cl ^  ~
II t» t/Q \  X  f
^  f l± 2 9 V c  ^ 0 0  d x .
t t  V J  /  4 x i  J  V  *  /
(5-5*5)
where as we no ted  p re v io u s ly  th e  i n t e g r a l  on th e  l e f t  hand s id e  o f  
(5-5-5) is a Cauchy p r in c ip le  v a lu e .
We now tu rn  our a t t e n t i o n  to  th e  i n t e g r a l  on the  r i g h t  hand 
s id e  o f  (5 - 5 - 5 )- J? irs t we s e t  s c r - i x  and then  n o te  t h a t
Cz>
H  . ( r l *O = _ A e
TV
1X2. + /.’X) 7TX.
K , c s >
(5.5.6)
whare ia v ; is a moaniea vessel iunction. we raus u n a
*1-7X1 J
‘AaO
-^Lrt.Zk'j i^CxO-C <Asc -
7TX ' J 0 \  *  /  x N ^
( jf -'| K.(itjO - X  ( 6 ^ K , f ( t O )  o-X .
(5 -5 -7 )
The va lue  o f  ( J - i  x  ) b e in g  s p e c i f i e d  by o 5i a rg  ( i - l x  ) ^  ~ a.7^ • 
Because o f  th e  terms exp t - I U J K j f e c )  in  the  in te g ra n d  o f  the  r i g h t  
hand s id e  i n t e g r a l  o f  (5 -5 -7 )  it. i s  obvious t h a t  p rovided  does 
no t depend e x p o n e n t ia l ly  on ■& ( which i s  c e r t a in ly  t ru e  o f  $ f ) 
the  main c o n t r ib u t io n  to  t h i s  i n t e g r a l  f o r  l a rg e  v a lu es  o f  ^  w i l l  
come from the  neighbourhood o f  9C -  O • Thus ap p ly ing  W atson 's lemma 
we expand the  rem aining p a r t  o f  the  in te g ra n d  as po*/er s e r i e s  v a l i d  
f o r  sm all ^  and w r i te  ; -
CO
£ C -lX b  “  2 -  !!■ c o b  ( " i - J O '  _ *Cert ~  5  Cert 'A c-rt a  7 s  A w 7S - o  s  ,
e»o
L  r ( * 0  C - i x f  .
T=°  r c t - T )  ' p /  '
Thus we now w r i te  the  r i g h t  hand s id e  o f  (5*5*7) a s
i A / 3 * * ’  L  C < W  f  M i i i f  f  M ’ '
( - r r y ^  5 = 0  S !  r ( 3< - ' ? W  V » \ ^
C O
'?+£+*$ + -Rx.
* 1 >*- ^  Wj v , 1 . / i ^   ^rvA IiJC.J Jthfr.
©
(5 . 5 . 8 )
Now from Watson £  /3 ^ |  we have
< 7 0
f ^ k ~.(k\ j.x ~- r (0-0') rc/j-txp rc *)K
„  ’ (5 . 5 . 9 )
Using t h i s  r e s u l t  in  (5*5*8) we f in d  t h a t  a sy m p to tica l ly ^ p ro v id ed  V !
i- r«fl ~  i .  'P -  ?  .fC03 e r f  x
^  7T W p  J  . t t ^-  s= o  - s !
*  21  r f f i c - p '7 Z  t - o ^ r ( $ + ? + £ % + % )
T ; °  r ( i - T ) T /  2=° ('2(Z)S i r * - f' +^
r(s+T^i+%J ~Xa(?ui) - rCs+Tj-zf+iSz) J .C ^ l  
r(S + T + 2^+ 3)2 l$  U ^ 1 r f s + T + ^ + z ) ^ 1^ 1 J
( 5 . 5 . 10 )
Since t h i s  form ula w i l l  he used r e p e a te d ly  in  the  a n a ly s is  which 
fo llow s  below we w i l l  in tro d u ce  the  shorthand  n o ta t io n s  A  q )
and 3  ^  ( S,7>, ^ ) where
l . m  ~ j .  ( ^ \ L h < $ >  +  z 2 U & d &
-rr \  J  >/ ^ * * + t
-h fB ^ C s y f tg )  g t jL ^ - L - f% )  y > ! -
(5-5-11)
f< C  xxv^ » w  O  ^  ^  X X  u u i  V n x  v u  / m  i  « a. \*> a. / n ; y u ixt^ v 'viv-U
has those  p r o p e r t i e s  o f  t h a t  were used in  deducing (5 . 5 . 11 ) .
Hence th e re  i s  a correspond ing  form ula f o r  L. , Since hasrtt i *
th e se  p r o p e r t i e s  i t  fo llow s by in d u c t io n  t h a t  ( 5 . 5 , 11 ) i s  v a l id  fo r  
a l l  ^  .
We w i l l  now co n s id e r  the  asym pto tic  form o f  ? (u  ) f o r) Q *Wl t)
c Jj ^ f anci a  ^  1 when K  i s  l a r g e .  From (5 • 3• 37) we have
=
00 %(  t \ * - e  L c L) t t
t + ^ j  ( 5 . 5 . 12 )
Since • & »  1 form ula ( 5 . 5 . 11 ) ho lds  f o r  ( L ) and may be s u b s t i t u t e d  
in to  (5*5*12). Three b a s ic  i n t e g r a l s  r e s u l t .  We w i l l  e v a lu a te  each 
in  t u r n .
F i r s t  we look a t
JL
t r
t i l  |  *  v O  ■
, U - l /  £ + 5;
(5-5*13)
where the  branch o f  ( /r + I ) i s  d e f in ed  by I QJ’g} ( h'J* f } » ^TT 
and the  'branch o f  ( t  — l ) ** by o  ( £ - I  ) > ~ 2 . “7T . Let
I t  can be shown th a t  ( £  ) i s  bounded as i  -* ^>o so t h a t
(00b O f o r  a l l  v a lu e s  o f  am. • Thus i n t e g r a t i n g  by p a r t s  
we f in d  t h a t
0 C O  T c O c l t  -  jL-^L. C c o _ L  - f c O  +  
■rr J ,  “n “ M=0
_  00
0~O ju
A *
-TT
- 7 T
J j - ¥ h )  At
( 5 . 5 . 1 4 )
rc v? \  l  J xc=> uuc vvv~ m  JLUbu^‘i ’a.1 o i  T  ^ )  • IX Cein
be shown ( Copson^ r i+ j  ) t h a t
e> t
( t  " x") -f Cx^ cl x  ,
TA
I  -f CO = J_
r (n >  t a
( 5 . 5 . 15 )
(X b e in g  an a r b i t a r y  c o n s ta n t .  I t  i s  convenient to  i n t e g r a te  in  th e  
complex x . — plane and take  ft = ~ i o o ,  I f  we then w r i te  X  -  t  + tX  
we f in d  th a t
= ^X v i ,c x d
©
( 5 . 5 . 16 )
Thus
lM
x  f c o  = _ e_
Po^O
X CAX
o
■c i 6 k ~ 2- )
P C m )
( 5 . 5 . 17 )
Moreover we may a lso  show th a t  th e  rem ainder term i s  o  a  ) .  
Thus we have
JL
rr
t ± l )  ^  ir(-)  J  t,m Af i i i '  V .
, V fc - l /
j £ ± i7* ¥  c - . r e i w ^ r u ) [ r f n + i S L m ) 1 
a  t o * - *  r c r .41)  t / r (  ^  A - ,
( 5 . 5 . 18 )
form
The rem aining two b a s ic  i n t e g r a l s  may bo th  be w r i t t e n  in  the
r v *  7,<itj jg.______ *^>V * 0  J i t  (  V -O  AJ ~l err
(5 . 5 . 19)
Since t  '■& / and f c » l  an asym pto tic  r e p re s e n ta t io n  o f  J  ( 2  ) 
may be s u b s t i t u t e d  in to  ( 5 *5*19'J)* '^ne form we. f in d  most convenient
i s
~€L X.
TT
S" . r p / ,  1 \  /  <r*+v *»t3? \/  a ( .e +,;c-o e  1
r=°  *-!
(5 . 5 . 20)
Using t h i s  form ( 5 .5*19) becomes two s e p a ra te  i n t e g r a l s .  F i r s t  we 
have
I t  ^  ^  = 2.<-p+ jj+ sr ■+>
( 5 . 5 . 21)
I n te g ta t i o n  by p a r t s  in  a manner s im i la r  to  t h a t  used above le a d s  to  
the  asym pto tic  form
P°°
« _______________ CAL
11; «' C t t y X k - Q  C
00
i t& i
4 yn=°  (2.g)'n r(n.+ 0  I d t
I  c - o V ^ T
C2.fe)
n
(5-5-22)
The second type o f  i n t e g r a l  we ha.ve to  co n s id e r  i s  o f  the  form
We now s e t  t  = I + :>c ^  and l e t  y^= \ ^  >  q  so t h a t  we have
CX3
J
Jit c  r ci.
J 0 ( ^ x ‘ > C U x l )
VU, f** . w* + u
a- j C ' i  + £  C -> ' I X
I M .  t
3 K s “ ‘ # |fcJS /  i * \ s\j (  I + *  )
= ( - O V  (  y
U V* O - j )
im. S * l
-1 + Z £os TT* ti -i
S = z  , - s  1 ' ,  :
3  a*«
(5.5.24)
i f  / m. ~ \ t h e n  th e  summation i s  i d e n t i c a l l y  z e r o .  I n  e v a l u a t i n g
-s
t h e  i n t e g r a l s  i n v o l v i n g  ( \ + ) we have made u se  o f  t h e  f a c t  t h a t
v*S a
/&va\  0C©O ve i © ~ A t -< —L
Thus com b in in g  ( 5 . 5 - 1 8 ) ,  (5*5*22) and (5*5*24)  we f i n d  t h a t
£ C vT> /=^  e / t c o - x _ ( e c l> c j -  -  _ i _  >  +  G i O  i-
AV*I (nrjl) ** (Wj)
•+ i i / : / { » » ) (  J   . - 0  +
J  2.3i * 1 £ J : ft L ^  U ^J> "
+  i 3 * t ( « ? )  3 _ )  ~
Z* k £  2-
~  i l * '  0 $ ®  . ! _ (  _ L _  -  0 1
’.''t 2. ij 0+</)A J
+  o ( U - ^ )
for yn, I .
(5.5.25)
we s e e  t h a t
Finally we consider ^ ). Using (5.3.36) and (p.3.37)
r
a
£,(<j) = 11 |  e  ^
J  Ct + M)  V f c - i /
(5.5.26)
I n t e g t a t i o n  by  p a r t s  shows t h a t
I
'*  V *  MCO " r c - o  F " -  [ a r  ( * y / h = ,
Hence upon e x p a n d in g  we s e e  t h a t
,(m)~ tt "V ^  J I + i_ /±:M-V
CJ C?
( 5 . 5 . 2 7 )
r * 4 )
( 5 . 5 . 2 8 )
From ( 5 . 5 *28) and ( 5 • 5 • 2 5 )  we s e e  t h a t  £   ^ i s  s m a l l e r  t h a n
by a  f a c t o r  ^  » Hence we s e e  t h a t  i s  s m a l l e r  t h a n  /_
k  A-41 n
by -K ^ • Thus we have  v e r i f i e d  t h a t  t h e  i t e r a t i o n  scheme i s
a p p r o p r i a t e  f o r  l a r g e  -j
5.6 Asymptotic form of P( 0  ) for ^ » j  and
Now t h a t  ) and j?ft( ) a r e  known a s y m p t o t i c a l l y  we may
p ro c e e d  t o  e v a l u a t e F ” ( Q  ) .  As was n o te d  a t  t h e  end o f  s e c t i o n  5 .4
t h r e e  r a n g e s  o f  $£m\ 0  m ust he  c o n s i d e r e d .  H ere we c o n s i d e r  r e g i o n  ( i )
t h a t  i n  w h ich  f?.Ow*.© i s  s m a l l .  The a n a l y s i s  w i l l  h e  d i v i d e d  i n t o  
two m a jo r  p a r t s ,  f i r s t  we c o n s i d e r  ( 0  ) and th e n  * ! ( © )  f o r  rv£ I *
U s in g  (5* 3 * 3 6 )  and (5*4*16)  we may w r i t e
Fof ©) - ~ «2lJ* u> J. C10 H Oiu cl to +■
l+ io oP  - - - -
V7T J,
( 5 . 6 . 1 )
The f i r s t  i n t e g r a l  i n  t h i s  e x p r e s s i o n  may he  e v a l u a t e d  d i r e c t l y  
t o  g iv e
\
v) (to \x /> u \0 ^  cA uo "  0 1 C -Oua 0 ^~  j t o  0 ^  c o R /5 i m w  a w  - |
R © u \0
( 5 . 6. 2 )
We now c o n s i d e r  t h e  seco n d  i n t e g r a l  o f  ( 5 * 6 . 1 ) .  B e fo re  e v a l u a t i n g  
i t  we must o b t a i n  a  s u i t a b l e  form  f o r  t j  (*~^o ) v a l i d  f o r  l a r g e  % 
v a l u e s  o f  • Now
CO . p-tilt.
\ u ~ \ /
( 5 . 6 . 3 )
t h u s  i f  we deform  t h e  c o n to u r  o f  i n t e g r a t i o n  o n to  t h e  l i n e  from  \ ^.to 
\ “  C co  and th e n  s e t  u = l “ i  w we may w r i t e  , J
h ( t o '>  =  e
O
Q-nO g Jiu
IK*' (favO~Cu) ( 5 . 6 . 4 )
T h is  e x p r e s s i o n  i s  now i n  a  form  s u i t a b l e  f o r  a s y m p t o t i c  e v a l u a t i o n  
by W a ts o n 's  lemma. E xp an d in g  t h e  i n t e g r a n d  i n  ( 5 *6*4 ) f o r  s m a l l  
v a l u e s  o f  u . w i th  if l a r g e
«*o
t  (c S )  ~  i x  sL  r . ( t ; c - o s
fc St°  s ! r c f - s ^
u J tv.
( 5 - 6 . 5 )
I n I  o J o n e s  o b t a i n s  t h e  r e l a t i o n s h i p
o o
A ! jL - 0‘t  J i t  = VC&i-Oe I e
V-it Jj? se^y/
4xvr°°
J X.
( 5 - 6 - 6 )
( / > - / ^  V' > 0  ) .  U s in g  t h i s  i n  ( 5 * 6 . 5)> s e t t i n g  to  = ‘■to and', t h e n  
s u b s t i t u t i n g  t h e  r e s u l t i n g  e x p r e s s i o n  f o r  (“ t o  ) i n t o  t h e  i n t e g r a l  
o f  ( 5 . 5 . I )  we f i n d  a f t e r  i n t e r c h a n g i n g  o r d e r s  o f  i n t e g r a t i o n  t h a t
.  i + { »  . p
3L& e * *
*O T T
co ( t >  / V
t+AOO 
X 1 CO}I *■ (|-U3) J. (u3 <Xu.3 .
( 5 - 6 - 7 )
w here t h e  b r a n c h  o f  t o  1 i s  d e f i n e d  by |ouc\ool < TT and  t h e  b r a n c h
o f  ( ) *-«jo ) *■ i s  su ch  t h a t  (1 -  00 ) ~ <L~ * *■ ( 00 ~  / ) w i t h
wLTT >  c i g  ( - o ' - I  . C o n s id e r  t h e  i n n e r  i n t e g r a l ;  s i n c e
we may c o n s i d e r  i t s  a s y m p t o t i c  fo rm  a l t h o u g h  s i n c e  ~R s i n  O  i s  tAflb 
ta'rqje.
■cma-H . t h e  power s e r i e s  r e p r e s e n t a t i o n  o f  t h e  B e s s e l  f u n c t i o n  m ust 
b e  u s e d .
l +  t o o
t o
t  V p  V  I
CI ~ c o )  6. V C io k  Otw 0  )  CA c o
CO
; » + ^  y  -r- / g  . „ \ i < -  
““ ^  C~0 ( K 6 U 0  ) Q t'(J-rcu)
r- o  * a. V _ //* / V 2. /
V*  ^
o
* J-\Sty y  \ . 4 .  xr=o , -* 
/T»
09
-5CM \^  J dUj
(5 . 6. 8 )
S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  ( 5 * 6 .7 )  w e  f i n d  t h a t  t h e  r e m a in in g  
i n t e g r a l  becom es
o o
J l 0<-
*
and so we have 
2.c j?
V'TTU
l + tco . z>
co ** ( l-oO) J (to £ouv0)-?iC~t^ >cicO
a<^  T r(bV(s^  T c-if 0
7T- s'° s', rct-s) ^ -W* \ 2. ,
C ^ J
„ I  j__
T * o  \  t  )  f s ^ + 0
(5-6-9)
I f  t h e  T* and **" sum m ations  a r e  i n t e r c h a n g e d  th e n  we o b t a i n  a 
more com pact form  f o r  (5 * 6 .9 )>  nam ely
o o
s . Z j X M i M l H ) " 5 £ i T p C r v |: ')
R - n -  2 = 0  S . '  T C ^ - S )  ? * °  T i C S t T n O
>: 1 .
s-*T
oO 4 rj.
i lo
(5.6.10)
I f  we now expand  (5 * 6 .1 0 )  and combine th e  r e s u l t  w i t h  ( 5 * 6 .2 )  
th e n  we f i n d
r ( e w  -  /  2. 4- d ? ^ © * )  ( ~  >l_
fv /> U \0  \  8 ? *
— x Jo C\**•jL + j *+ j£l y "*■ o( k ])
&  gfc*
(5.6.11)
As a  check  on t h i s  e x p r e s s i o n  we n o te  t h a t  a s  ©  ^  th e n  we r e c o v e r
t h e  s c a t t e r i n g  c o e f f i c i e n t  te rm  g iv e n  by J o n e s  £ * 3 .
We n e x t  e v a l u a t e  £  O  ) f o r  .*1 ^  1. Now from  ( 5 . 4 *1? )a
00 . c
— y l
e* * o  ~X  (co/?/X v*0) L-Cto*) d  U3 •+■
+l i l
l + t c o ,  ^
•C (-to') 0  (u O ^ -O u \0)< loo  .
4X-f/ 0
(5.6.12)
O b v io u s ly  we must c o n s i d e r  e ac h  o f  t h e s e  i n t e g r a l s  s e p e r a t e l y .
S in ce  c&'Z- I i n  th e  f i r s t  i n t e g r a l  o f  ( 5 * 6 .1 2 )  we may u s e  t h e  
form  o f  ( t o )  g iv e n  by ( o f  5*5*11)
iftco —r - sO \ sr~> t &(.
. E £i .  Z  / l + ' - o ^ l  fto> +  A _ £  - t B  e  X f iu o )tv — i i'r'- I a SL —--- -— i. _ ;—:—y
7 r \  0 0 y CO
(5.6.13)
n o t i n g  t h a t  £  a r e  n o t  c o n s t a n t s  h u t  d e n o te  t r i p l e  sum m ations
T h is  r e s u l t s  i n  t h r e e  f u r t h e r  i n t e g r a l s  w hich  must he  e v a l u a t e d .
The f i r s t  o f  t h e s e  new i n t e g r a l s  i s  fo u n d  t o  he
°° " jfto y  *
.3 (la R />C4\ O )  d
V 7 T  J
(5.G.14)
As a  r e s u l t  o f  t h e  a n a l y s i s  o f  s e c t i o n  5 -5  we know t h a t  t h e  f u n c t i o n  
J '- i  /+CO ) *  t ( w ) .  ' ( CO ^  />UA ©  ) i s  c o n t in u o u s ly
d i f f e r e n t i a b l e  i n  \ £  co < c>o f o r  a l l  v a l u e s  o f  A / . F u r t h e r
d c o *  I
. . - " • ( 5 - 6 . 1 5 )
f o r  a l l  A / .  Thus we may i n t e g r a t e  ( 5 * 6 .1 4 )  hy  p a r t s  ^  t i m e s  
t o  o b t a i n
0 0  - -£
~  2 .$  €  10 ( u > f i / W © /  d c o  =
V ’TT J
A/-/
=  ~ 2 J L  I  ^  J  F ^U&ouaB))
vtr [ T=° j€'P+/
-j- f f u * 1*
/  J
(5*6.16)
S in c e  ^  i s  c o n t in u o u s  t h i s  l a s t
i n t e g r a l  t e n d s  t o  z e ro  a s  ^ - * 0 0  by R iem ann’ s lemma, and so i s
1 —  A/
O ( t€  )•  Thus we f i n d  t h a t
We now c o n s i d e r  t h e  r e m a in in g  c o n t r i b u t i o n s  t o  t h e  f i r s t  i n t e g r a l  
o f  ( 5*6 . 12 ) w h ich  a r e  o b t a i n e d  by e v a l u a t i n g  i n t e g r a l s  o f  t h e  form
0 00__ _ _ _
d p  duo
co 1
A - O^ yO»/ or A= l^>  = O ( 5 . 6 . 18 )
As to'?* I t h e  a s y m p t o t i c  r e p r e s e n t a t i o n  o f  J x ( Hid ) may b e  u s e d  
i n  ( 5 . 6 . I 8 ) .  T h is  g iv e s
J Sy C ( c o R / 3 i ^ . 0^ ol cO  a-'v.^ »yc/CO
*■ l ^ f l s ± A i £ } — ! _  ,
V *  r= °  A 1, rd -tx-sr 'i  c i B f *
J„ ( 0-1 $.oU\Q) ( c .  +a (~0 •£ )  CAk.f x x
J, CO
w here t h e  b r a n c h  o f  ** i s  d e f i n e d  by I tVfOj l/J | < 
— ( z.q -t aj + r  t-  ^b ~r- /• o *
f u n c t i o n  ^  J 0( ud K / 0 ^ 0  ) is
 TT . Now th e  
.s c o n t in u o u s ly  
d i f f e r e n t i a b l e  f o r  a l l  v a l u e s  o f  ,v and f u r t h e r
! fj 1 -t-AJ'f-r-f- % JLO V U> /tc>^eo
(5- 6. 20)
Hence i n t e g r a t i o n  by p a r t s  H t im e s  o f  t h e  i n t e g r a l  on t h e  r i g h t  hand  
s i d e  o f  ( 5 #6. 19 ). l e a d s  t o  a  s i t u a t i o n  s i m i l a r  t o  ( 5 . 6 . 1 6 )  and by  an 
i d e n t i c a l  a rgum ent t o  t h a t  u s e d  above we may show t h a t  t h e  rem a in d er ,  
te rm  i n  t h e  c a s e  u n d e r  c o n s i d e r a t i o n  t e n d s  t c  z e ro  a s  $  * 2 0  9 Then
we have  ~
OO "
~3 I ( 1 L b  \L J jp ,» o )  p/co a-' 1 ^ “™ "  ^  .
. 51 *'r P Cl < k - ts r )  I
'.r! r(t+A-*)QLJty
V
r= o
^  / T  L A
(5.6.21)
T h is  may be  expanded  a s
i _ e Z X^ / : r o ( l o . * e )  ( A  c W * )  +  
IC trr)
+i . (e‘ rrt A^) j o(g^0> _
R I i p a - f e )
-  ( 2 ^  r j j - f ' i ' )  "o 7  — Jz Oim Q  J 7 ( t iO ,v Q ) \ ? - f
+  o c / r * ' )
(5.6.22)
1-Tow
A £ w
irr/^
Co') <i I'd
(5-6.23)
and
5 B  -■ s: t + O C t H& )
ex-*#) V
( 5 - 6 . 2 4 )
Thus c o l l e c t i n g  ( 5 . 6 . 1 7 ) ,  ( 5 * 6 .2 2 ) ,  (5 * 6 .2 3 )  and  ( 5 . 6. 24) we f i n d  t h a t
a
o  <>o - y?
- t / £
V J
AO  ^ *3  ^Cc«3 /^Dtn0 )^ AaCco')c^ (
V*7T" * 4-
*4~ « I»i60 J ,  r O ' ) ?
£ J
+  O i , r £ j w 0 )  ( V ^ +
( 5 - 6 . 2 5 )
Vfe t u r n  now to  t h e  seco n d  i n t e g r a l  o f  ( 5 * 6 .1 2 ) .  By u s i n g  t h e  
i n t e g r a l  r e p r e s e n t a t i o n  o f  and th e n  s u b s t i t u t i n g  f o r  u s i n g
( 5 * 6 .1 3 )  we f i n d
oJL
*7TV o
H, '■&**> 0AO -£ o'.A+<C~«o) o"L C to to
~ 2 t ‘ #  I t o 1
/■ f t c o
J> «k^ —r - ^  0 \ tHijs
0-to) 0oCto^/>tu 0  y<2 x
TTV
o o* ^ -Zt/?a.
( j *. V  * x
i. /Lia'CiU^  + A « * j,rA)
7T \  .a y  £
t £ r /  J . f i M  J a - J k o
, ¥ * '  J
(5.6.26)
The r e p e a t e d  i n t e g r a l  i s  th e n  s p l i t  i n t o  t h r e e  p a r t s .  I n  t h e  f i r s t
p a r t  t h e  o r d e r s  o f  i n t e g r a t i o n  a r e  changed  and t h e  r e s u l t i n g  i n n e r
'•ii n t e g r a l  i s  c o n s i d e r e d .  As above we d e f i n e  t h e  b r a n c h  o f  tO  so
t h a t  I ’TT/  >  cm*\ lO  and th e  b r a n c h  o f  ( ! —<-0. ) 4 by 2."n“ >  c t ^ f i o - O  ^  O  O Vx -tTT^ Op
w i t h  ( I -  cO ) = ( o o ~ i  ) . Then e x p a n d in g  J ( u a  >< />U\ ©  )
we f i n d
If*  AO
**■ (t-u£)') Z sz
° Li -I | t O cX> ( to  r ^ u a S O  clvo JBU
0, CoO-*A>
tf _  00 00 /3CO
; *  I  H > r/ t o  r I  J h
r= ° ^ (  i  / r - i ? y  J ( r , . ^  J
^  - v t  €  2 _ _  H )
r=o I a. 
* t p )
-T>
* x
r ( W % 0  f
OO . v-  c f  I t - O x  j
CAX .M
0 > C
(5.6.27)
w here i n  o b t a i n i n g  t h i s  r e s u l t  we have  in v o k e d  W a ts o n 's  lemma and 
made u se  o f  r e s u l t  ( 5 * 6 .6 ) .  S u b s t i t u t i n g  ( 5 * 6 .2 7 )  i n t o  t h e  r e p e a t e d  
i n t e g r a l  we a r e  c o n s i d e r i n g  and c h a n g in g  t h e  o r d e r  o f  i n t e g r a t i o n  we 
now have
. C O  C O
jz-fcz * T . t i i r H. (s.r+&.);Tr (?-«% ) x
T T ^ V 2* T~ I *j>
u PC * t/,
P ?  - K f) - - . f l U O *I iiilA X. v J
( 5 *6 . 28 )
The a s y m p t o t i c  form  o f  t h e  i n n e r  i n t e g r a l  may now be o b t a i n e d  by means 
o f  t h e  t e c h n iq u e  o f  i n t e g r a t i o n  by p a r t s .  Se t
^  C ia) C H -vO  *lLcw.J
and
• f c O  ~
CK~‘ )  *•
I f  we d e n o te  t h e  m t h  r e p e a t e d  i n t e g r a l  o f  f *  ( u.) ■by j ? f (  n ) th e n  
i t  i s  a  s im p le  m a t t e r  t o  p r o v e ,  *( C 14 * 1 1 ) ,  by i n d u c t i o n  t h a t
vs.
*ff*Y -  __ f t t y m
CK
( 5 . 6 . 2 9 )
w here i s  an a r b i t a r y  c o n s t a n t .  I t  i s  c o n v e n ie n t  t o  p e r fo rm  t h e
i n t e g r a t i o n  ( 5 . 0 . 29) i n  t h e  com plex X’ -  p la n e  and  to  t a k e  C X ^ c O  
Then p r o v id e d  I i f  we Pu^ t -  K K - iV  we have
— a'- p
L  +cwY = e
/jC° ' ( £ ja )V9 VLA—i
f(V->
0 J■C 1/ cn-i-ev’) <^211/
(5-6.30)
and in particular
_ L  4  ( 0
n r l,sI  I ( VM, - O
( 5 - 6 .3 1 )
We a l s o  know t h a t  0  ( u )  i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  f o r  a l l  
v a l u e s  o f  IT i n  \ $ u. < £>o and f u r t h e r
<An $  c « o  =■ o  V  A/ .
Thus upon i n t e g r a t i n g  by p a r t s  we f i n d  t h a t
(5.6.32)
’ " J i o o f W v i  -  2 ( - £ ) s r ^ 0
S~o
f  e L f^ .
\  (T vas
(5.6.33)
S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  ( 5 * 6 .2 8 )  and n o t i n g  t h a t
© o
A -  2.
S •t'P
Z
&
o c
>N\ r-o*
31 o W  *  r * v T A y -if-o
ft  -  a ).
(5.6.34)
then
- 2. ft
i + t  00
f  K *I to v 1 - »*> ?
/ i l A i Y  _JL 
, V 14 *“ * '  (u?*-
- i f c
- i *
cAw..
2
f t i A "  _ Z  ( - o 'r y g o ^ e f T
 > 1"*- O 1 "2. 1
7T v) ✓r. \ 2. 'T**o I q>
M 3
^  C- c /  PCS-j-Q  f cl  s ( M u )  ^ f u )
S  f 1 1 '' VJ(« 'a&| ft
L- KS'fp
S-t-P
« I  (nr)
V I 0 * ?  - 2  ■P-/')
By i n t e r c h a n g i n g  t h e  o r d e r  o f  t h e  and !> sum m ations a
compact form  f o r  t h e  above i s  fo u n d  a s
Z i ^ £ £ L ± )
7r V  T *c’ ' ? /
CO
U J 7*
00
Z  c - o s r r s - * Q
S -o S!
d_s 0 + « A t(“>]
Ju* StP
S + P
Z  ( - Q *  (  \ " Z  K
? “0 \  J /  -  /  3
)
(5.6.35)
more
X
co~i
(5.6.36)
T h is  e x p r e s s i o n  may h e -e x p a n d e d  t o  g iv e
.'t£
i  Z  
7T V
J 0 ^  (z A- 0  i^ r O  +*
+  .£ . (  s j t a o  (  i _  )  -+• Cf^fO + J L o > ' ) 6 . - i <i- 2 ' ,£) )
•J. 3 3 4-
+  I 3  A  Q ' A j  0  ( A  f' -  a . +
zK  * 3 J
* o < & T )
( 5 - 6 - 3 7 )
B e fo re  c o n s i d e r i n g  t h e  r e m a in in g  c o n t r i b u t i o n s  t o  th e  se c o n d  
i n t e g r a l  o f  ( 5 . 6 . 1 2 )  we n o t e  t h a t  t h e  a n a l y s i s  w h ich  l e d  to  ( 5 *6 . 36) 
showed t h a t
I +/.00
JtA>^  J B(u» d uo
- u ‘ r < l u  T
T=o T ! 14
C O
X I -g. c4x
(5-6-38)
when K/)m.Q  <  I • T h is  r e s u l t  w i l l  he u s e d  b e lo w .
The r e m a in in g  p a r t s  o f  ( 5 * 6 .2 6 )  can  b o th  he s e e n  to  he  o f  t h e  
same g e n e r a l  fo rm . Hence we n e e d  o n ly  c o n s i d e r
where ( \ 
in teg T a l
i t
- i K i a )*e zo
*7TV U
>°* -cjft
-€ J a ^ u)  qAw. .
n * 1  VVy+^( iv - i)  jM,
cO,
( 5 . 6 . 3 5 )
r o ; y « = /  ) o r  ( A=/ , / J - 0  ) • S in ce  «  ^  i we may e x p r e s s  
) i n  i t s  a s y m p t o t i c  form  ( c f .  5 *5 . 19 ) an& w r i te ,  t h e  i n n e r
a s
i L
TT
O O
£  1
•r*° ,«-/rct-u-vr) (ig )" " 1
J /  . ^ -V4
(1 ■+x. ( - 0
(ia~I) P<* do-*)
x-*fA -"ZiKu
e
M
( 5 . 6 . 4 0 )
T h is  i n t e g r a l  may he  s p l i t  i n t o  two p a r t s ,
The f i r s t  i n t e g r a l  h a s  a l r e a d y  h e e n  e v a l u a t e d  i n  S e c t io n  5 ( o f -  5*5*23) 
i n  a  fo rm  w h ich  we can u se  h e r e .  However th e  seco n d  i n t e g r a l ,  w h i le  
i t  was e v a l u a t e d  ( c f .  5*5*21.) , was n o t  fo u n d  i n  a manner p e r m i t t i n g  
i t s  u s e  i n  c o n s i d e r i n g  ( 5 * 6 .3 9 )  a n & so we m ust p ro c e e d  w i th  a  d i f f e r e n t  
a p p ro a c h .  T ha t p a r t  o f  (5*6.39) d e p e n d a n t  on (5*6.42) may he. w r i t t e n
( z & )  e.  2 _ ■*. r c c - i )  x
TT V + ( 2 j ? )
j+loo
w> J 0 u 8 / > w * e )
OO . P|C? _~<.t At
* <?/ GO
(5:. 6 .4 3 )
Upon c h a n g in g  t h e  o r d e r  o f  i n t e g r a t i o n  i n  ( 5 * 6 .4 3 )  we o b t a i n  a s  t h e  
i n n e r  i n t e g r a l  t h a t  i n t e g r a l  w hich  a p p e a r s  on t h e  l e f t  hand  s i d e  o f  
(5 * 6 * 3 8 ) .  Thus u s i n g  ( 5 * 6 .3 8 )  an& th e n  once more r e v e r s i n g  t h e  o r d e r  
o f  i n t e g r a t i o n
C O
r s o  >1-!
T-o
<?( P 60  ^J c fco /£ou* 0 )  
A /
; x _  * ( j£+ xl)U . J  (X . .
The integral
-I + 3 0 *  
C  _________ _
( \A  -I )  -tC
cy/*  .
i s  e s s e n t i a l l y  s i m i l a r  t o  t h e  i n n e r  i n t e g r a l  o f  ( 5 * 6 .2 8 ) .  Hence u s in g  
(5*6*33)  we f i n d
<J.iA
H ^  ™1fw-O M
.c (jl-LxS-i1** Co
Z r - o l E M )  / J 3 j_ .
2=0 s '  ( t+ x F * [ f c
-f
( 5 . 6 . 4 5 )
S u b s t i t u t i n g  t h i s  i n t o  ( 5 . 6 . 44 ) l e a d s  u s  t o  t h e  i n t e g r a l
J
00
I
9c.P-*%
S t  '£
, c^x..
whose v a l u e  i s  g iv e n  by ( 5 . 6 . 24) .  Thus we have
* % . 1Cs.i.H-j') ^  ;l(2#) e *\ /  *  r ( n > < Q ( i )
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(5.6.46)
As we n o te d  above th e  v a l u e  o f  t h e  i n t e g r a l  ( 5 . 6 . 41 ) g iv e n  by ( 5 .5 * 2 3 )  
may be u se d  t o  g iv e  th e  r e m a in in g  p a r t  o f  ( 5 * 6 .3 9 )  a s
-  ( * g )  \  J  i r
/T-f K
T T ^
1 + ieO
>; I JlZZzl
J A )
Z j L * °  X ( S o ^ .Q ')
2-f+/u+ ^  '<
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y J 0~to) “ ' Z~ J_. J |  B i l l ?
s -*- j - t *-j J
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( 5 . 6 . 47 )
T h i s  e x p r e s s i o n  l e a d s  us  t o  c o n s i d e r  two t y p e s  o f  i n t e g r a l s .  I n  t h e  
f i r s t  we s e t  ^o a t + t c o  * expand  t h e  B e s s e l  f u n c t i o n  and th e n  u se  W a ts o n 's  
lemma a s  f o l l o w s  to  g iv e
i+ioo
u
to
wc+ acO
i d
w=<> c a l f  \
<  ( H a l o ) o i^>
C O
z r  h i *  { r .^ q y a
<t-'° i f  I  t .  /
60
T_ 1  Q  .
1 4
(5.6.48)
I f  we in t e r c h a n g e  th e  o r d e r s  o f  summation and e x p r e s s  th e  i n n e r  
summation in  te rm s  o f  B e s s e l  f u n c t i o n s  th e n
I* CGO
- 4
>e J o Cw$/0iM©) cA uo
I tOH J L - t
L  i ?  Z f  i f  
A  A* i A \ i J  * IM. + <£
(5.6.49)
By p r o c e e d in g  i n  e x a c t l y  s i m i l a r  m anner we f i n d  th e  s e co n d  ty p e  o f  
i n t e g r a l  p o s s e s s e s  th e  a s y m p t o t i c  r e p r e s e n t a t i o n
l+ioo ^ t /no( l~tO )  Z. CcO /^>».4aQ y) (A to
t o
to =■/
(5.6.50)
Hence
.  . ,  _ k -.22^+4^ ~ , v rji^ i  e  *■ Z . i  F6b*A-MOf-0 y
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Thus com bin ing  (5*6.46) and (5*6.51) we now have an a s y m p t o t i c  r e p r e s ­
e n t a t i o n  f o r  th e  r e p e a t e d  i n t e g r a l  (5*6.39) v a l i d  f o r  l a r g e  v a l u e s  
o f  $  . As we n o te d  in  (5*6.23) and (5,6.24) ^ ^ i s  d'KL ) 
and %  i s  o  ( )  so t h a t  by w o rk in g  to  o  ( ) we
may n e g l e c t  t h e  c o n t r i b u t i o n  to  t h e  i n t e g r a l  (5.6.26) from th e  c a se  
\ - O  > and e x p a n d in g  we f i n d  t h a t  when we have
-  -HiCo") g c^ ( a ~  k V )  +  O f #  ^ }
r*>/$ 2. 1 $ . /
(5.6.52)
2 V i >
We have  t h u s  shown t h a t  I f  ( 8  ) ,  1 i s g iv e n
a s y m p t o t i c a l l y  f o r  l a r g e  #  and s m a l l  ^  s i n  0  by g r o u p in g  
t o g e t h e r  r e s u l t s  ( 5 . 6 . 25)} ( 5 * 6 . 38) and ( 5 . 6 . 52 ) .  I f  we d o . t h i s  we 
f i n d  t h a t  t h e  f i r s t  i n t e g r a l  i n  t h e  d e f i n i t i o n  o f  ( 5 . 6 . 12 ) ,
c a n c e l s  c o m p le te ly  w i th  p a r t  o f  t h e  seco n d  and we h a v e ,
F f e )  -— c 2- T o dn^o)  (2-fLcO - ( tJL(Q fl > ) )
7TV £ S 7-
-  Z e  JLo) C^dwQ) +
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+ o (C l\
(5-6-53)
5.7 Asymptotic form of k ( 0  ) for sin 6 ? »  (, “f\ sin Q .
We n e x t  p ro c e e d  t o  a n a l y s e  t h e  b e h a v i o u r  o f  5* ( 0  ) i n  o u r  
r e g io n  ( i ± ) ,  w here £  ( /  -  s i n  0  ) V> i and fk s i n © » / .
The e s s e n t i a l  d i f f e r e n c e  be tw een  t h e  work i n  t h i s  s e c t i o n  and th e  
p r e c e d i n g  one i s  t h a t  X  ( uo s i n  0  j w i l l  now be r e p r e s e n t e d  
a s y m p t o t i c a l l y ,  ( c f . 5 *5*2 9 )3 r a t h e r  th a n  a s  a  power s e r i e s .
We. c o n s i d e r  f i r s t  F q ( 0  ) ;  i t s  form  i s  known from  o u r  p r e v io u s  
work t o  be
r je - )  =  - f  
R
0~u>/ y)0(ui(i/)tUQJ-Z ci
(5.7.1)
U sin g  th e  a s y m p t o t i c  r e p r e s e n t a t i o n  o f  ) t h e  f i r s t  te rm  on
t h e  r i g h t  hand s i d e  o f  t h i s  e x p r e s s i o n  i s  w r i t t e n
-  5 .  j ( & / > w < S > )  i  f  2.  Y'
■fl OCv\Q \1T /
i 4/>Ut 0  . -  /jiA* Ox ) & ->c-€ ■+■
%  x
+ y + 06? y .
(5.7.2)
I t  was found  i n  S e c t io n  5 .6  t h a t  t h e  i n t e g r a l  p a r t  o f  F 0 ( © )  c o u ld  
be w r i t t e n  a s ,  ( c f . 5 . 6 . 7 )
(5.7.3)
S in ce  J u o l ^ l  , J 0 ( <*> 0  ) may be r e p l a c e d  i n  t h e  i n n e r
i n t e g r a l  by i t s  a s y m p t o t i c  form  t o  g iv e
I 4-iOO
f  - « 0 *  Tc 0)  e  ‘“ * o t  w
OO
Z .  « 'r r o + t )
CI
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*  i w x /-e U -e
I
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(5.7.4)
I f  we s e t  l o  =  I + Mj i n  ( 5 , 7 . 4 ) t h e n  we o b t a i n  i n t e g r a l s  o f  t h e  fo rm
and h e n c e  may a p p l y .W a t s o n 's  lemma to  o b t a i n
o + i  ' ,r
r  r u '<  ,
O o
z  (-* )  _ _ _ _ _ _ _ _
~  f x ± ^ S ) T + ^
g . iT ?(?+%•>
(5.7.6)
I t  i s  n o t e d  t h a t  w i th o u t  t h e  s t i p u l a t i o n  & »  i n t h e  i n t e g r a l  
i n v o l v i n g  >c-  f z / ^ O  c o u ld  n o t  h ave  b e e n  so e v a l u a t e d .  I f  we 
s u b s t i t u t e  ( 5 *7*6)  i n t o  (5*7*3)  and  u s e  t h e  f o l l o w i n g  r e s u l t
00
f  ^s* K0 sl ^ (x ± ftoC«6')
2. ( ~ 0  ( t  -  o  y .
(5 * 7 * 7 )
th e n
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(5-7.8)
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( 5. 7. 9)
I f  we now add ( 5 .7 * 2 )  t o  (5*7*9)  t o  g iv e  F . < e  ) we f i n d  t h a t  
(5 * 7 * 2 )  c a n c e l s  w i th  p a r t  o f  ( 5 * 7 * 9 )  and- t h u s
F V ycss * ^  f  iHo^Q r ^ - K __ ) e  O /^juaS)
C & s w © ) ^
-ctzonXQ r n***^
-  . / -e l 1 +
4 -  JL
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-h x -3 . \  2>0-QtM&) +f i-oU^S)
+ o ( £  Z )
(5.7.10)
I n  S e c t io n  5*6 we fo u n d  i t  c o n v e n ie n t  to  e v a l u a t e  F ( 0   ^
f o r  i t  ■£- I , a s  d e f i n e d  i n  ( 5 *4 *17 )> "by c o n s i d e r i n g  t h e  two i n t e g r a l s  
o f  (5*4*17) s e p a r a t e l y .  We f o l l o w  t h e  same c o u r s e  h e r e  and  lo o k  f i r s t  
a t
CO
+  y ? u> ( A r u j )  +
-f i1 *cO O0
u>
co .
(5-7.11)
w here  we have  r e p l a c e d  L  (oO ) hy i t s  a s y m p t o t i c  r e p r e s e n t a t i o n  
v a l i d  f o r  H »  { and Jw> I >1 . Now i f  we r e p l a c e  ( co i r  >ou* ©  )
by  i t s  a s y m p t o t i c  form th e n
- 2 d
i r V
00
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(5 * 7 * 1 2 )
~/r *< p
The f u n c t i o n  t o  ( '  + tO ) ( u o  ) i s  c o n t in u o u s ly  d i f f e r e n t i a b l e
f o r  a l l  o r d e r s  i n  I ^  00 <  0 0  and  f u r t h e r  a l l  t h e  d e r i v a t i v e s  
and t h e  o r i g i n a l  f u n c t i o n  t e n d  t o  z e ro  a s  00 t e n d s  t o  0 0  . Hence
integration by parts gives
P 00  '■>-/>»/*©) 00 j l  r,
1 C1 -t to )  'Ay\fud oluo
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( 5 - 7 - 1 3 )
I f  we s u b s t i t u t e  t h i s  e x p r e s s i o n  b a c k  i n t o  (5«7*12) a^ d  expand  to  
G  ( -/C ) th e n
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( 5. 7. 14)
I n  t h e  r e m a in in g  p a r t s  o f  ( 5 * 7 » l l )  we r e p l a c e  t h e  B e s s e l  f u n c t i o n s  
by t h e i r  a s y m p t o t i c  fo rm s  so t h a t
oo
2./C j\ j Cu>^ bi-A 0  ^ J i. <y/
-+/'V  J t / o
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I n t e g r a t i o n  by p a r t s  shows t h a t
i^ K w O  zLi~fcC O 00
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I f  we s u b s t i t u t e  t h i s  r e s u l t  i n t o  ( 5 .7 * 1 5 )  we o b t a i n  an  e x p r e s s i o n  
o f  O  ( ) .  However we know t h a t  £  i s  O  ( /(f )
and  th u s  to  ) t h e  c o n t r i b u t i o n  from  t h e s e  te rm s  i s
n e g l i g i b l e .  The o n ly  o t h e r  c o n t r i b u t i o n  to  ( 5 « 7 . 1 l )  comes from  t h e
(5  ^  te rm s  and i s  fo u n d  to  be
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Thus we f i n d
( 5 . 7 . 1 7 )
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We commence t h e  a n a l y s i s  o f  t h e  seco n d  p a r t  o f  F"( e > 
e x a c t l y  th e  sa.me m anner a s  f o l lo w e d  i n  S e c t io n  3*6 "by w r i t i n g
*2.1 fl  I  ^  / l  ( 7 - to )  * J  ( o o ^ n i w O )  eh*?*V*I °
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and th e n  c o n s i d e r i n g  t h e  v a r i o u s  te rm s  on t h e  r i g h t  hand s i d e .
I n  t h e  f i r s t  p a r t  o f  ( 5 .7 * 1 9 )  we r e v e r s e  t h e  o r d e r  o f  i n t e g r a t i o n  
and  f i n d  t h a t  a s y m p t o t i c a l l y  t h e  r e s u l t i n g  i n n e r  i n t e g r a l  becom es
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¥e d e f i n e  t h e  b r a n c h  o f  ( ! — t o  ) so  t h a t  ( j -  ^
and (*< ~  to  ) “  £  ( o o  — \ ) *~ • Then
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( 5 - 7 .2 1 )
where th e  l a s t  s t e p  i s  accom p lish ed  by u s in g  th e  id e n t i t y  ( 5 . 6 . 6 ) .  
I f  we s u b s t i t u t e  t h i s  r e s u l t  in to  ( 5 .7 * 2 0 )  then
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Now if we integrate by parts in a manner used previously we find that
( 5 . 7 . 23 )
We a ls o  know th a t
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Thus we change th e  o r d ers  o f  in t e g r a t io n  in  (5 .7 * 2 2 )  and make u se  o f  
( 5 . 7 . 23 ) fo llo w e d  by ( 5 . 7 . 24) to  o b ta in
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I t  can be n o ted  th a t  th e  f i r s t  p a rt o f  t h i s  e x p r e s s io n  c a n c e ls  e x a c t ly  
w ith  th e  f i r s t  p a rt o f  (5 * 7 * 1 8 ) .
The e v a lu a t io n  o f  th e  rem ain in g  p a rt o f  (5 .7 * 1 9 )  i s  made by 
c o n s id e r in g
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In  S e c t io n  5*6 i t  was found th a t  th e  in n e r  in t e g r a l  above depended on
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~ Z ig l4
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We s u b s t i t u t e  th e  known v a lu e  o f  th e  f i r s t  o f  th e s e  i n t e g r a l s  in t o  
( 5 - 7 .2 6)  and c o n s id e r  th e  r e s u l t i n g  in t e g r a l s .  F i r s t  we have
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eo O
<P -ifzoi-'AQ — j z C f \  i
-+■ a c~o s  y .
(5 * 7 * 2 7 a )
which may then he evaluated to give
f  s r n ' - f l  ,  
Ztt^ h©) T=° T.J r (*-•?)
eta
iVi 0  *JS
e______  + i  C-i) g
(l + f t i f l r  Cl - y O o \ © ) W"11
(5-7-27)
( J?
s e t  ( X - - t s T ' S / V *  t  or  a *  y U + s r  -i t  - £  and c o n s id e r
\
C i - c o ) ' 1  “3 T c« £ » m, 0 )  cioo -v.
N ext w©
I £ coJ acO
.  tAJ
i l  E i n i i r t _
T'° t! r e t - ? )  a H ^ o y
* [ h i
T  i 9  r a - < t )
( z i r p ^ Q ' l t  r = °  'P i r a - T ’X z ^ & y
< > />
r  / - a - r - t )
1=0 \  w. /
X
W!
/
t fp 0  \
  -+■ X c -o  e  )
c / * o* b  )****■ a - ^ e r ^ y
a f t e r  u s in g  W atson*s lemma.
(5 -7.28)
.Results (5.7.27) and (5.7.28) show that
1 *t"/t 00 
1*0
«o . £7 ----
(l-co) * o^Cto^ -OtU
<po
©) _____ ! ci t* . t( ui
CM.-0 /l (<»-«> u.***"'*™
^  , H i ' f t t - i f )  ■ f ^ K - r r n
u t r / i u e ) Ki 1' t -j r a ~ p ) ( 2 L u e f  (
w=0
x fa-**) ) c
ifi D & p  - i f c  ,QU* &  
-f- / . ( H )  £  ______
0  +  /Ot-wO)
JV-+/ (1 - /0n-\ 0 .)»W-»J
OC5
J**
M l L  ^ y y850 \m.-
* jL
i Q + ; W  -e
- j a ocaa 0  ^ ">
m. + !s (I - t / 9 u \ 0 ) c 1-/»«©r’ 4 j
( 5 . 7 . 29 )
’we now c o n s id e r
_l+-i© 0  , /9    -  ©G> 0
if t-P u o  T✓ n ^  r  - 2j . K o t1^  fe «-»>)** T(,.3^0) { * *  M-cL.J, ( a - D ^ c o - O u ^ " '
( 5 . 7 . 30 )
  /J
J  ( u> k  0  ) i s  expanded a s y m p to t ic a lly  and th e  o rd er  o f
©
in t e g r a t io n  i s  in te r c h a n g e d . Our in n e r  in t e g r a l  i s  then  th e  in t e g r a l  
e v a lu a te d  in  (5 * 7 * 2 1 ) . T h is r e s u l t  i s  u sed  in  (5*7*30) and th e  o rd er  
o f  in t e g r a t io n  i s  a g a in  r e v e r s e d . }<e now have^as an in n e r  in te g r a l^
integrals of the form
eo
- 4  K  1
■€. cA U.
»< t  
(U -l ) *• U-
w hich may he in te g r a te d  by p a r ts  ( u s in g  r e s u l t s  (5 * 6 .4 5 )  ) i °  g iv e
ft
( iv - i )  *• IA
\K
OC3
C-O
r  oos Tcs+t) . 
tp& I G  , . tPCS4|) K \JUS W /« = I
( 5 . 7 . 31 )
U sin g  t h i s  r e s u l t  in  (5*7*30) le a v e s  o n ly  th e  in te g r a l^
rA x .________
00
£  ( t ± p %^kS)>
to  e v a lu a te .  But t h i s  i s  i d e n t i c a l l y  th e  in t e g r a l  whose v a lu e  i s  g iv e n  
"by (5 * 7 * 2 4 ) . Hence we f in d
t + L PQ   .CO /j
K /  V / p \ P  -2 .1  ftU ,
£0 C \“'03J £  ,J_ (to  k  O i/A 0 /__  ^ ______  ,. Cjfu..<r7
fU - | ) ^  Cco-<A.)
(A>
L-rr/, 0^ /  /  v ‘ T* °  : T! rrt-'P) ( *&/^ <S)P
o o  gap
ZT A * f  f j t i )  ZZ y '- r - / ) fcltrx&'i t)  X
i - * W  V £  /
x ZI  ^j+M (~Q ^
J«o  \ J 1  /C 2J - 2.J - j )
l£o * * q  /  x x^-rfe \
*   ^ ^  (  ^ ~ ( J L ± i £ ^ i § |  )
a  -/& ^Q )j^ '"  I ' V *. /  /
o  ~ * ^ /5 P « \©  /  /  r " \ \  cX "7J "" \
+JL..(i).e f  \ -  /x  ^ ^  ' 7
0  +/OlA\0^
^  \ -  PCn&j
( 5 - 7 - 3 2 )
By s u it a b ly  com bining (5*7 * 2 9 ) and (5*7*32) we o b ta in  an a sy m p to tic  
r e p r e s e n ta t io n  fo r  (5 * 7 * 2 6 ) . B ecause o f  th e  e x c e s s iv e ly  c o m p lica ted  
and te d io u s  n a tu re  o f  th e  r e s u l t i n g  e x p r e s s io n  we s h a l l  s im p ly  n o te  
th e  c o n tr ib u t io n  o f  o  ( f H l  ) to  f v ( < 9 )  made by th e  i n t e g r a l s  
( 5 .7 * 2 6 ) .  T h is i s  found to  come from A - o ^yU  = /  as
% c<^ ^ \ *e ~-€
V  2.^ ({Ttt)^ i Cl +/5lvv0)
CI-/DUK0)
\  -€ . +  y ■+
A S)^ (O)
V 2 ^  (M ir)*1 1
< £oiUO
SL
0  /O U \0 )  \  \ - i / W 0  )
-H- i  si
0  + r ^ 0 )  \  \ “ /D u i0 y  J
y +■ O a t )
( 5. 7. 33)
The f i r s t  part o f  t h i s  ex p ress io n  c a n ce ls  w ith  the second part o f  
( 5 . 7 . I 8 )  so th a t  by combining ( 5 . 7 . 1 8 ) ,  ( 5 .7 .2 5 )  and ( 5 .7 .3 3 )  we f in d  
th a t  fo r  yvv I
I" (&) ~  XZ e f d jn f  -e  ---     , -s —---
C f) (  t- TK r  ^ ^
- r r ^ V  (H/>Cy\&) * I W l - o i ^ G )  \  i+ /z>^0
“I j?Ol-VK© /  . ij
j , £  ( ^  ^ **
(l-V/Dtv\0) V ] - O imS J
4-
i 'CoiuQ /  \ If -v/£/n‘w<S)
-  /C I YrA'} ( e  / a. \ -  2 -e^ P vCO f  
& \  £ o ^ Q  ( l- /e >^O*H0 C) ""/OmO) \1 4 / 2 ^ 0 /  I *4/Dma0  V ’^"/Ot^ Oy
l{£oC*<9
+  _L 
2:
if +H'coY -is.1 °‘*><S> f /  a. n'1 +  f  I - ^ ^ q V* ) 
4- ' 0 ~ /d^ \0)^  V ^/OvU0y v ^ J  J
+  (  (  _ i L _ Y  +  /  . - Q * e f  \  \  \
d  +©!«©)*■ \  v i -<=^®y \ 1. /  J  ) J
O r iHp&.Q , .<■
+  *■ A fglg   J _ -g  ( _ _ * _ \  +
V Z^fTT/O^t^Wvfi) ( (  I -  ,Oiiv © ) \1->73Wi8 /
4  O
(5.7.34)
¥e have compared th e  e x p r e s s io n s  fo r  P^ ( 0  ) and P ( 0  ) 
o b ta in e d  h ere  w ith  th o se  o b ta in ed ^ in  L I® J  and have found them to  
be in  a g r e e m e n t.•
5.8 Asymptotic form of F ( Q )  for $.sin S> »  1 , sin 0  1
F i n a l l y  vre c o n s id e r  r e g io n  ( i i i ) ,  i . e .  n ea r  th e  p lan e  o f  the. 
p is t o n ,  where s in  O  I • The a n a ly s is  f o r  term s in v o lv in g  £ ( |* t  s in  
i s  in  t h i s  ca se  id e n t i c a l  to  th a t  o f  th e  p r e v io u s  s e c t io n .  However,
$  ( I — s i n ©  ) i s  no lo n g e r  la r g e  and so th a t  when t h i s  ty p e  o f  
term o ccu rs  a new approach i s  n e c e s s a r y . In  t h i s  s e c t io n  we propose, 
to  e v a lu a te  th e s e  new term s. Whenever p o s s ib le  we w i l l  r e f e r  to  an 
eq u a tio n  o f  S e c t io n  5*7 a s a s t a r t in g  p o in t  o f  our a n a ly s is  and th en  
o n ly  c o n s id e r  th e  ( I " s in  ©  ) term s. In  th e  f i n a l  e x p r e s s io n  
f o r  F ^  ( © )  we w i l l  s im p ly  c u o te  th e  S e c tio n  5*7 r e s u l t  f o r  th e  
s in  0  ) c o n tr ib u t io n s .
We have a lr ea d y  seen  ( c f . 5 * 7 .1 )  th a t  F 0 (<^ ) may be e x p r e sse d  
as th e  sum o f  a known fu n c t io n  and an in t e g r a l .  T h is in t e g r a l  must 
be e v a lu a te d  h ere u s in g  a tech n iq u e  somewhat d i f f e r e n t  from th a t  used  
in  S e c t io n  5*7 . Now
n ' . *  - f lu .  ,V.f-O = <  j g cAiA.
(5 .8 . 1 )
so  th a t
%dL  f  i K ( i - tY - z 1 ( o u v Q )  t
TTV J ,
- t / f  -I irs
oo£> J? .
t  K «- t )H .c;
, ( 1 - 6  -< *0
(5 . 8 . 2)
where we have changed th e  ord er o f  in t e g r a t io n  on th e  r ig h t  hand s id e
o f  t h i s  e x p r e s s io n .  In  th e  in n e r  in t e g r a l  we s e t  t  = H i v  and expand  
th e  B e s s e l  fu n c t io n  f o r  la r g e  ^  s in  0  , th en
I *< i  oo
^  T
Tr * r=° -^! r(i-vr) OL&oa.S)""' **
V
(V-fxOC H t / )
e  i -  t (“O <e j  <A v
( 5 . 8 . 3 )
We have two ty p e s  o f  in t e g r a l  h ere ;  one in v o lv in g  ^ocp [-f t (I +OIM&V J 
w hich we s h a l l  n o t lo o k  a t  s in c e  we may u se  th e  r e s u l t s  o f  th e  p r e v io u s  
s e c t io n ;  th o  o th e r  in v o lv e s  q^ jo [rJi V J and a s  ^ ( f ~  s i n ©  )
i s  no lo n g e r  la r g e  we must e v a lu a te  i t  u s in g  a method d i f f e r e n t  from  
th a t  o f  5*7* S e t t in g  C -  ^ ( l~ s in  0  ) we have
_ c V
( / - f a )  0  t i v )
oo
* -  \ / ' r  X  CU-h )
v  V 7 j _  +  £  c~O s \  «*✓ 
W-+* s=i u+Ss cv-iy )
( 5 . 8 . 4 )
From G radshtyne and H yzshik^f* 15  j  (  3* 3 £ 3 ^ jo )
t>z +  ^
[  <7r ,  > 0  5 P « v > o  J
(5-8 .5 )
and ( S-3? 3  ^ 8 )
J v-/ -/>*• y-/ .ac (*-+ p £  <Ax.~ S  Z ( ^ Y ;p / )  F(y-i
( 5 . 8 . 6 )
where 1 ( a^(r ) i s  an in co m p le te  gamma fu n c t io n  and -2 "  (■». V  . Z  )
i s  a d eg en era te  h yp erg eo m etr ic  fu n c tio n .. Thus we f in d
1J00  ' %/r.y — Jiv(/-H A .)
S z U l L  S  u V W f t ^ )  +
+ 1  1
(5.8.7)
R ather than r e t a in  a l l  th e  term s o f  (5*8*3).> a s we have done 
p r e v io u s ly ,  we s h a l l  expand th e  e x p r e s s io n  up t o y  = 2 . and so  
c o n s id e r
y -iTRL-’4ci*e„  -U  r  p "  K - c v
2 - \  e  I J i v e  +
^  /j» 0  — V l7T J o '  w V +  W-
4 - /  a 1 V
* -cv
v  V ' v  J  J  < U
\8 (V-w)(V-i)
e
7T
_ o o  ,
r ?  <  —
V u r r t ) m , w )  x
x f 1 *t( 3 *S'£oi*©0~i “)  2* (fijQ^O)1' (S-tiO
(
4 - i -
S £ .o ,^0 6 “^ ^  2  *(f>/x*QT f H  o j
2?£aM ~Q (bi& )
c  e n m - v o \  clw .y
(5.8.8)
where we have used  th e  f a c t  th a t  £  T  (a *2 ) * i t  (i ~a /-ft * )■; ^
Thus s in c e
o o
r f - t o -  r f - 0  -  7 '  <->r *
U - O
(5-8-9)
we have the three types of integral
t  r 00,  \- i - .  „ = \ Cl “ *«*) €  CXVA.
'J'
OO
* L  /"t _ s  \  < - ' ? rr-y -v O
T=o I t  J r s - c . ) T+l
o o
f 60,
I3^5
p=o \  <r» ) £
( 5 . 8 . 1 0 )
( 5 . 8 . 1 1 )
(5.8.12)
Hence we f in d
/ ~  ^ / \k r(5'%-z)  I a. \ z e J - t * 3 1 +
V f i o u B j  t t ^  1 R.0^9 2 n lo ^ © )7'
+  - L  — 1—  u - — . \  -f- c *• .
c n  ( f ^ G ) 1 8 ( H j w e ) v  2 . ( R o ^ Q f K
J _ e ~ ' ^  +  o ( $ ’ 0
i£  'R^a Ck Q
( 5 . 8 . 1 3 )
Combining t h i s  r e s u l t  -with th e  r e s u l t s  o b ta in e d  in  s e c t io n  5*7 
f o r  th e  rem ain in g  in t e g r a l  we have v
,  X /  f  . i & x * ®
VTT/ I * $ ' x' ( t + o i « Q ) hi.
/  o \
? I 2 .0  tO iitQ ) •+ I ( j f
o f 1 \  O * ^ 0 ) V
*&»*e A
- / e _______ r  (-^-do-m ) i
I d  iff ( p t ^ o )  'u J
+  o o r )
(5-8.14)
We commence our a n a ly s is  o f  p ( ©  ) by r e f e r r in g  back to  
e q u a tio n  ( 5 . 7 . 12 ) where we f in d  th a t  fo r  / —/ W 0 ) n o t la r g e  we 
must c o n s id e r
I . 00
-  /  xR V" e 1l  ^  r (^ +^ r) > , x
'rc ° r^* P (i"v r)
o i l -  .
( 5 . 8 . 1 5 )
The e v a lu a t io n  o f  th e  in t e g r a l  in  ( 5 . 8 . 15 ) i s  e f f e c t e d  by s u b s t i t u t in g  
in  th e  e x p r e s s io n  f o r  ( £ )  when t > ~ l  and $  i s  la r g e .  Then
I.
00
(i+l)^  In) -e tc oil /'w
00
- I
'Tto u
■sco
- e iCCy H O ^  f  -^ Tp + c p , -t- M f> _ \  cA fc
1 0 + 0
( 5 . 8 . 1 6 )
where Sr^ C.^ d p  are  c o n s ta n ts  ( Cp = 0 .^ dp ), Thus from
Appendix - 1.Y1. we may w r ite  t h i s  as
I a ^ L ( 0 € ^ <X i
°2* __
Z _  ^-f X / ^ p )  +• c r ^  ( iW ^ )  - + d  p - 1- ,  fP-* -T-)
' f s O
( 5 . 8 . 1 7 )
I f  we now s u b s t i t u t e  t h i s  e x p r e s s io n  in to  ( 5 *8 . 1 5 ) th en  we o b ta in  
a g e n e r a l form ula  from w hich th e  c o n tr ib u t io n  to  Z  ( ©  ) to  any
ord er  o f  $  may be fou n d . However , £ p  and cannot be 
ex p ressed  a s  fu n c t io n s  o f  * and so t h i s  o p e r a tio n  le a d s  to  
e x c e s s iv e ly  co m p lica ted  e x p r e s s io n s  w hich are to o  clum sy to  be o f  
v a lu e .  We s h a l l  lo c k  a t  th e  c a s e s / a -  I and av £ 'L s p e c i f i c a l l y ,  
expanding ( 5 . 8 . 1 5 ) o n ly  up to  O  ( 'H * ) and r e s p e c t i v e ly .
From ( 5 . 5 . 28 ) we s e e  th a t  when m . ~ \
r,  ^ "t if -f I ^ X l .
6-0 = 2E_U? ' 1 - ) «
^  ‘t - i
( 5 . 8 . 18 )
and
6 -,=  7T /  /C )
% ( z g )
( 5 . 8 . 1 9 )
Expanding ( 5 - 8 .1 5 )  with/*'-= 1 and r e f e r r in g  to  Appendix ■ W .  we f in d  
( S .  S . / s )  ~  ~  (  2.  V* <=~^' (  H , ( o }  +  J _  ( 2 H / 1 )  -H , (o > }  -
V i n R  \  ^(-6
Jl,6) )  + o f j t O
( 5 . 8 . 20 )
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1 /  - )  . fc  n(5.8.21)
From (5*5*25) we see that when ■'yx-^ 2.
« • .“  -  / 1  o >  r c o )  + C 0 0  +
c n - r f ; *  1 a  ' T
(5 . 8 . 22)
- l i H + W t f i  n  „ s>  > 0  N
&■, = . y  0 >  +  o  6 ?  & - . )
(t t £ ) 4 4- £ ( 5 - 8 .2 3 )
C  =  /I £
o   -----------   Y
s k
fo)>
( 5 . 8 . 24 )
c*o = - i _ l , C o ) )
s i ( 5 . 8 . 25 )
Thus expand ing  and u s in g  th e  r e s u l t s  o f  Appendix  
th a t  f o r  yyv >. 2.
u z : we f in d
/  % /  o| 2L./g j _ e 6o'> (trc -f 2t'<& -f-Co^ +
M  1
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(5*8.26)
( i ^ c o  -
v t t 5'’ 1-PcT
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*  T * n r  ~ x !
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c y 1 i +
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( 5 . 8 . 27 )
We turn  now to  th e  in t e g r a l
°Va^G)T(&) it2 .  i f f
V u
( a = ( ^ = o ;- a ~ Oj P — / )
(5.8.29)
The a n a ly s i s  o f  th e  p r e v io u s  s e c t io n  le a d in g  to  eq u a tio n  (5 * 7 * 1 5 )  
may be a p p lie d  h ere  w ith  th e  r e s u l t  th a t  we must c o n s id e r
I 0 0  ±  l e t  .e  e l t
( 5 . 8 . 30 )
__________________________ __*4"
T h is in t e g r a l  i s  e v a lu a te d  in  Appendix t S/1 a s  (in ) .  Thus
l
th e  c o n tr ib u t io n  to  th e  in t e g r a l  ( 5 . 8 . 29 ) from th e s e  term s i s  found
to  bo
— A A ’T J * ?  t-i s i
e  YL \ x
TTVf/OUvO)^ 'rs"'° s r  I t-vr)
X iL rCal^A +S) _J  K
s r o  s j r a ^ A - s )  c ^ ) s
x JL (. (" 0  —t~i + x  t-s') •+ C~0 -2T; O ^ ^ A m v s  .)
(5 * 8 * 3 1 )
We expand t h i s  e x p r e s s io n ,(n o t in g  th a t  A  £ i s  o  (/^ ) and
^  i s  O  ( ^  ))> w ith  A = ^ anc* °l*‘ta l n
l C 6 3 / 5 _  ( & G c )  -f
7 T ^  V f
( 5 . 8 . 32 )
c
Combining ( 5 * 8 .2 1 ) ,  ( 5 *8 . 32 ) and th e  r e s u l t s  o f  s e c t io n  5 .7
we f in d
U k  J * ^ ib "3j t&6i*9) L, (OAt
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( 5 - 8 . 3 3 )
A lso  com bining ( 5 . 8 . 27 ) ,  ( 5 . 8 . 32 ) and th e  r e s u l t s  o f  s e c t io n  5 .7  
f o r  ^ 2 .
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OO _ p  i .
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(5-8 .34)
Next we have to evaluate that part of
’nti•2-i.fc f ^(tikv.0) £ f-t) A t -
T V  J
1 * * 1 .
(5 .8.35)
w hich in v o lv e s  eocpi-a-<A j  . Once a g a in  we r e f e r  hack to  s e c t io n  5 .7  
and so f in d  th a t  f i r s t  we must lo o k  a t
3 l  ) L <
.dC*a&J v t t 5"*
GO
( % )
i\A jz  K c u )
CO
x j T .  r r t - v )  c - i y  1 *
sr!rCt-r)  ( £ © C * © ) ' r
* ,  « M  A*.
J0  Cw~0 v J
( 5 . 8 . 36 )
The in n e r  in t e g r a l  has a lr e a d y  been  e v a lu a te d , ( c f  5*8*7)*
Hence expand ing th e  y f  — summation to  a s u i t a b le  o rd er  o f  ^  , and 
u s in g  (5 * S .7 )  ^  have
( 5 -  £ -3 * 0 -
i - )  ,) u \ 0 /  n>t t * l
( m - i  
W - >  y
'< n
-e ri»> x
u  fl + 4 _  )« lCMCu-t)'i T f^tcCw-o) -
+  0  <•/?"*> ?  J
£  {£. oc*. ©  (x.
IA
(5 .8 .3 7)
Now integration by parts shows
and
Hence
r * * /. a d  v - t ^ o + ^ i A  . 
( U aO ^ V v. oe> cJLva.
s
,  JLA
o o• z  , . n e - U ~ l n ^  f e T  1t- US J...
( 5 - 8 .3 8 )
r>
J .
oo
* p 4 U .)  ^ P e.
(A
o o
r*-' ~e £ & >
^41 p,/'
,?co  r c ^ + o k
T d -F
L M P VLS .
j  ( K » 0 .
lK=i
( 5 - 8 .3 9 )
s in c e
Oo
r  c-v c cc u -o )= r c - o  -  Z r - » r  a c m - o )
*“ * **!
we f in d  th a t
(  S  % - S ? )  ~  Z i  f  K \  ^  A„CO k
\  Olv*©/ "v t t ^
O '1/* * © )  * £  C I -tyOW©) 1
+- * r l J i ( Q  r c - f c ^ O  +  o f r t L )
.2 ,r* /? v  C ~ /0 U \O ) '  *■
( 5 - 8 . 40 )
From eq u a tio n  ( 5 . 7 *25 ) we se e  th a t  th e  term s e q u iv a le n t  t o . ( 5 . 8 . 36 ) 
hu t in v o lv in g  eoc|o H i ft 0  4 /)w  © )J may be expanded in  in v e r s e  powers 
o f  ^  a s  x
-  2 . - e
_ c \£ (  ^  ^
v t ^  o ^ c w © . )  *■ o  '•/osm© )
! -  ( »  + t_- o t^ Q  )
\ +  <01^^
+ o ( / T h & )
( 5 - 8 .4 1 )
The l i m i t  as p U \©  —^  I o f  t h i s  e x p r e s s io n  i s  f i n i t e  s in c e
i w ~  ' 7  \ ~  (  H a x ) 1*
' (
; iaaa f ’ \  \ *t y 1 — — CK
y  v y Z
Hence ( 5 . 8 . 4 1 ) i s  w e ll  behaved in  th e  range o f  ©  under  
c o n s id e r a t io n .
The remaining c o n tr ib u tio n  to  ( 5*8*35) comes from
J„ ( t  e>)
oO
( 5 .8 - 4 2 )
where ( A = 0 r ) .  The in n e r  in t e g r a l  has been
found in  s e c t io n  5*6 > "by u s in g  an a sy m p to tic  r e p r e s e n ta t io n  f o r  
th e  B e s s e l  fu n c t io n  , to  depend on in t e g r a l s  o f  th e  form
and
oo
d U.
( 5 .8 .4 3 a )
00 - 2 £ $ U
€
U
J u  s r  =<9,1, 2 , . .  •
( 5 .8 .4 3 ^ )
•The form er o f  th e s e  in t e g r a l s  has been  e v a lu a te d  in  s e c t io n  5*5 
( c f  5 . 5 *2 5 ) .  Hence i f  we s u b s t i t u t e  t h i s  r e s u l t  in t o  (5 * 8 * 4 2 )  
and u se  th e  a sy m p to tic  r e p r e s e n ta t io n  f o r  0 o  ( t  k/06iA 0 ) we have
to  c o n s id e r
—Af\ ' V? P—
T   . • 5 1  /C r *
V T r C ^ 0 )  * /r=°  ^T ' ^ T t+ A -v r )  (z fe )
f / r e M )X L  X* > \ * / X
Ttoo T ; r ( £ - T ) 6 & & Q ) F
J I+>teo j_n - f c ) *
I
/  -<‘/< 7 « ^ Q )A  p i c t  \
( -e + z  (h) -e A
■(of
*2t/u +*^ ./ S~1
_, - 1 -  lL j- . I T  ?£L  ^ it
tr)^ s=i t '~ s j*' 2-j
( 5 - 8 .4 4 )
The a sy m p to tic  form f o r  th e  p art o f  t h i s  e x p r e s s io n  in v o lv in g  
'Z ncpL ifl J  i s  g iv e n  in  s e c t io n  5*7) ( o f  5 *7 *29 )* W© must
c o n s id e r  th e  term s dependent on &Xp>£ tC t J • To do t h i s  we have 
to  e v a lu a te
H * * o . . />,+* ° °
d t  « J  I c<-t)*etC J t .  
v f ” ‘ J, t M+‘
I-Aoo .p  <:ce-
I <
J
i
Both th e s e  in t e g r a l s  have been c o n s id e r e d  e lse w h e r e . I f  we deform  
th e  con tou r o f  in t e g r a t io n  o f  th e  f i r s t  on to  th e  r e a l  a x is  from | to ^ o  
th en  we o b ta in  th e  in t e g r a l  e v a lu a te d  in  A ppendix J V . In
th e  second  we s e t  t  ~  1 4>tcO and u se th e  r e s u l t  ( 5 * 8 .6 ) .  Thus 
n o t in g  th e  o rd ers  o f  an(l  we f in d  th e  o n ly  c o n tr ib u t io n
from th e  C yejdjcl'J  term s to  (5 * 8 * 3 5 ) i s
--e J - £ i ( i c ) + J j r *  r i - ' z ^ i c ) ! +
Z ^ t t ^ v  (8/m £ ) )  1 1 z ,  J
+ o ( f k l )
(5-8.45)
The lo w e s t  ord er  o f  th e  term s i s  found as 0 ( J T * L
and so we can n e g le c t  t h e ir  c o n tr ib u t io n . In ord er to  c a lc u la t e  th e  
c o n tr ib u t io n  to  ( 5 *8 . 4 2 ) from th e  term s in v o lv in g  in t e g r a l s  o f  th e  
ty p e  (5 * 8 .4 3 b )  we must f i r s t  in te r c h a n g e  th e  o rd ers  o f  in t e g r a t io n .  
Then U 3ing th e  a sy m p to tic  r e p r e s e n ta t io n  o f  J D ( 6 t  4>U\ 0  ) we
must c o n s id e r
* y  . j r p / »  . 's r  y r + A
£  e  u .  < I f - o
v7rx(oiv.®) ** s r j  n('i+A’*frr) (2.$)^
x
0 0
r  / ,T d i ? )  A
r f l L - T ) f t 6 o ^ e ) T
00  -Z cfiu . 
x I __•€_____j:
f l+ tro
<l-t) * 
t p( M
f  i£(i+.Ot*&)t . /P icM I, I( c  -f-i <rl) J crit,du..
( 5 . 8 . 4 6 )
By s e t t i n g  i f  ~ we ^ in<i  th a t
r .7 , - o * e  i u m  -  s 7* *  r ,  ^  a
( j - i )  Cj
( 5 . 8 . 4 ?)
The in t e g r a l  on th e  r ig h t  hand s id e  has a lr e a d y  been  e v a lu a te d  
( c f  5 . 8 *4 )* U sin g  t h i s  r e s u l t  in  th a t  p a rt o f  ( 5 *8 . 4 6 ) w hich  
depends on 6 o o p £ i c t 3  an  ^ s u i t a b ly  expand ing th e ''p -su m m a tio n  
we have ^
_  e - a r r A  ?(j)  f  r  rct+A+^ c-d^ a x
v i t 2' ( & U 9 )  r& ° A"! r  Ofe+A-vr) ( z f c y
x f l £ l ! f l l i cu- r c - k ^ c c - o )  d «  4 or/T) 
U ' H +/ J +'r + l
( 5 . 8 . 4 8 )
I n te g r a t io n  by p a r ts  r e v e a l s ' t h a t  f o r  p » l
O O  . _
I . V*-HJ u
/V
0 0
Z  ( W *  fcli J
/ LjuJ .XI
M-0
( 5 .8 .4 9 )
and
J00f u - o >W~  ^ - t I-e MU.
00
A s 1
l*V+l
a  J
(5.8.50)
Thus u s in g  tn e  s e r i e s  r e p r e s e n ta t io n  f o r  P  (“ "k 3 Aic( m - 0  ) and 
expand ing th e  y f -  summation to  a s u i t a b le  ord er  in  we f in d
/• y A  A+‘ . -iATTZ* - a. £ ( \  +/**©}(&.8.H)  ~  C - l )  X  e  y
v *  x
VTT ^  (>0Uv©)
t +
\ 4- y£>iA\© (  1 -  ^  ,
+ o < v r * )
( 5 . 8 . 51 )
Hence n o t in g  th a t  A t i e  O  ( J T ^  ) and ' @ i i s  O  )
we se e  th a t  to  O  ) th e s e  term s may he n e g le c t e d .
S im ila r ly  from th e  a n a ly s is  o f  s e c t io n  3*7 we se e  th a t  to  O  )“ M '/V
th e  OyCjoL i7? (/+ /^ w 0 )tJ  term s may a ls o  be n e g le c t e d .  Thus we f in d
! + io d  , z>. ^
5 5 ^ . 2 . i  £  *
VTT J
r t o o  d a . i t  
J .  ( u . - i y ' 2-
‘ *  l / o )  f  - ^ r ( r ) f ( - ^ - : c ) J
^ T r ^ O o * © ) *  I
+  0 ( £ ‘ f »J  ( 5 . 8 . 5 2 )
where
Thus com bining (5*8*33}> (5 * 8 * 4 0 ))  (5 * 8 * 4 1 ) and ( 5 *8 . 52 ) we 
may w r ite
F ; c e ) ~  -  ( j ^ r a t e )
\ £ ^ o /  7rf(
x ( \ ~- a .  ( J L+ Xc 0  4- I e
c
(" -  T^Tfc r o  )  -
-  2 / % % «  )  1 +  j . e . ' ^ & C - t c ' )
X ^ T T  f t  ( £ • * & ) *
-ifk(Z + 0iK Q ') -*~&C7!.-Ci»Q'>-biT%.
" — ^ _______  ““ C  ^  *
7 T  £ *  C O in Q /^ C ro©  7 T /^ 4 (A * © )^  ( ! - # * & )
*  (  I — (  I ■+ v -o 4 ,Q  ) ' * ’ ) • +
\4rJ&vi0
- f  A iik r ( ~ < - i c )  ( « , - * « * * * *  + V * )  + 0 ( D  
sT 2- 7r(o^e)ii Mi \ 2.&*Qj$ 4 /
( 5 - 8 .5 3 )
A lso  u s in g  (5 « 8 .3 4 ) j  ( 5 * 8 .4 0 ) ,  ( 5 *8 . 4 1 ) and ( 5 . 8 . 5 2 ) we f in d  th a t  
f o r  s n ^  2.
,/ttr
2.
x  -a # 0 + 0* 0 }
x
(I) -£_ (la)ifci))  r i L &  -. ci-,ri' )
^ H  *"' * .6  ' R-' ■,
+  i_£ L , ( 0  _  x  L a) ( « %  / W )
i * 4  X U c ^ O
x c )
(J-A-
2.
l^ v*u {
iljOiu©/
r r t 2 ; c )  +  e * c  ( r . ^.~*i
- )
7 T
\J
TTC
“  2 & C 0  2 *
|ct-/5k -0 )
V 7T I 4 -/)^ ©
4 -  e
~2.< j^i) rf~v,->e) - /  r (~k.-cc')iso) <ziM .
S ^ T T *  ( £ a ^ e ’)  *
+ o c r * ‘i )
(5.8.5 4)
5.9 Numerical Results
E x p r e ss io n s  fo r  th e  fu n c t io n  F  ( ©  )> v a l i d  fo r  ^ |c r U > |,  
have heen  o b ta in e d  fo r  th e  compilete range o f  &  . Thus we can 
now c o n s id e r  th e  f a r - f i e l d  r a d ia t io n  p a tte r n  f u n c t i o n , £ (  Q ) ,  
w hich was found a s ,  ( c f .  5 * 2 .2 0  ) ,
£(©) — 000 O f  & +-crF(0) |
6) + cr V ^ pu* © /
(5 * 9 * 1 )
In  th e  p r e c e e d in g  a n a ly s is  we to o k  cr = -a  V } w ith  and
r e a l ,  so th a t  by w r it in g  F* ( © ) = F | ( 0  ) +  X. F* ( 0  ) ,
P  x ( Q  ) and F^  ( Q  ) " b o th  r e a l ,  we can s p l i t  i£ ( <9 ) in to  
i t s  r e a l  and im aginary  p a r t s .  These are. found to  be
x  . .
£,(e) = CTO& /"c^e f +2j3^(|£!i©> ) +• 
c ^ e -t-V  V
+ Yl F (6) \ (5 .9-2 )
and
C@ -  cap0  A y  ( v ?;*($) ( j lw fl) )
dori**© -T& \  ^  Cl/v\ 0
- y c w S ) ? ^ © ' )  ^ (5*9*3)
We w ish  to  lo c k  a t  /■£ ( 0  ) I , a  m easure o f  th e  r a d ia -  
t io n  in t e n s i t y  in  th e  f a r - f i e l d .  The fu n c t io n  has been  e v a lu a te d ,  
f o r  v a r io u s  v a lu e s  o f  ^ and ^ , u s in g  th e  th r e e  e x p r e s s io n s
f o r  F  ( e  ) o b ta in e d  p r e v io u s ly .  The r e s u l t s  are  p lo t t e d  
in  f i g s .  5*5“1 0 . I t  can be seen  th a t  even  f o r  r e l a t i v e l y  low  
v a lu e s  o f  i t  would be a s im p le  ta s k  to  c o n s tr u c t  a com p osite  
cu rv e . As ^ S in c r e a s e s  so th e  ’ sm o o th n ess1 w ith  w hich th e  
cu rv es  c r o s s  im p roves. U n fo r tu n a te ly  i t  has n o t b een  p o s s ib l e  
to  make any com parison w ith  p r e v io u s  r e s u l t s  s in c e  th e  b a s ic  
assum ption  o f  H < H »  /  i s  o u t s id e  th e  range c o n s id e r e d  in
[ h + h
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Appendix I
An a sy m p to tic  r e p r e s e n ta t io n  f o r  th e  G reenfs fu n c t io n  G (sT A~ ) !J£ l> > l ' r i
• “  }  “ O  ?  ”  " p
¥e w ish  to  o b ta in  th e  a sy m p to tic  form o f
( f  (<Tj <T0)  = +  g e y  (~t
v o  r s  - * £ /  
+  2.0 R e
u
0 0
e  (-J.&R,Cf?) d f
K<S>
(1 . 1 )
where
~  C Cx--x0/ ‘-f  G j +  (  Z -H 0) )  
T \  = ( V x - x j f  + 0 j - ^ ) ^ +  (k + Z o 5 Z )  2 
% ( f ) e ( C x - x j L+fij-£?'+(/-HEaf  )
%
(1 . 2 )
( 1 .3 )
(1 - 4 )
I f  we l e t
a C r ^ e)  = Qxp ( - i k l c - t 0 , 0  
t  ' € - < C  |
( 1 - 5 )
w ilh /T  = ) and / T y  ( € 0 ) th en  f o r  | y  I »  ! /f_ J
Q frryrJ  ~ ± .  Zocp(-Z$ Isr/+, i  K , £ o )  
t<Tl
(1 .6)
where l< =  ( £  0 / > * 0   ^ 1? CCO0 ) has m agnitude and
i s  p o in te d  in  th e  d ir e c t io n  o f  th e  r a d iu s  v e c to r  /T  , and © ,> a  
are c y l in d r ic a l  p o la r  c o o r d in a te s*  Thus
g/Xp (-4. ft ft)  r^ _ L  Gap 1 - x i^ e r
/? i / r
and
( 1 .7 )
^  / r  1
+  * f L r o C (M 0  />IM &c CfiO ~ C o o 0 C c o © o ) J
(1 . 8 )
The a sy m p to tic  r e p r e s e n ta t io n  o f  th e  th ir d  term in  ( i . l )  i s  
found as  fo l lo w s  ; s e t  / ' }  +  z  th en  we have
where
-  zV£
.00
- i V l e
s r  v
r> °°  r _ . -1
eocp I a K  , {
= -zV ^. e  e^cp 0U*0/5w»0o OKS (j2S 74 )  - Cer>0CO>Qs )  J  x
/ T  '
? ° °  -Z $ (c 0 0  0 - a V ) ^
e J /
v -.■£ jlyr*
3. 2, V •€. X
c c o 0 ~ t ^
2 o c jo [ i f ^  (pwBAiM 0oa?sCj^-^>c*7»0ca>0o)3
Hence s e t t i n g  O' -  - a O T«e f in d  th a t  f o r  g 0 = o
( 1 .9 )
3 ctz* ©  < & C j>  C i l?yT /> A i B c & S
c o ^ B ^ c y
- i f l >
/ r
(1.10)
Appendix II
An evaluation of a certain integral
We s h a l l  e v a lu a te  th e  in t e g r a l
Coo
( x - Z j  1 ( t ~ Z )
[ " J
( I I . 1 )
by means o f  th e  method g iv e n  in
We assume th a t  X  and ^  a re  rea.l and n o n -n e g a tiv e  w h ile  $  
i s  taken  to  be an a r b ita r y  com plex number. The in t e g r a l  i s  w r it t e n  
in  th e  form
JL j f  f  i 
3 J  V
cl Z.
K K
In  th e  f i r s t  in t e g r a l  we s e t  W s  ( fc~i£ ) ~~ ( x  ~ Z  ) and in
v  y
th e  second  -  (2*~*2 ) (%-:2 ) L • Then we have
e l , %  o l
J t - x t  .*
^  JlJt^ + X
I f  t  > x  th e  in t e g r a t io n  in  b o th  in t e g r a l s  i s  a lo n g  th e  r e a l  a x is  
and d oes n ot in c lu d e  th e  o r ig in .  I f  t  <.X th e  upper l i m i t  o f
is _
in t e g r a t io n  i s  p o s i t iv e  im aginary ( ta k in g  ( / r ~ X  )* = X (x L ~ t~  ) )
and th e  low er  l i m i t s  are n e g a t iv e  and p o s i t i v e  r e a l  r e s p e c t i v e ly .
In t h i s  ca se  th e  con tou r o f  in t e g r a t io n  can he deform ed onto  th e  
r e a l  a x is  w ith  an id e n ta t io n  above th e  sim p le  p o le  a t  th e  o r ig in .  
Thus we have
J X GOO ( k ( x ~z )  /  ^    d  £  =:
V i -  X  "7TH fx -t)
( I I . 4 )
a p r in c ip le  v a lu e  b e in g  u n d ersto o d .
S in ce ^  i s  a r h ita r y  we can r e p la c e  
th e  r e s u l t  to  ( l l # 4 ) «  T h is g iv e s
I  t v  - f and add
Ccrz
C x r i ) H t i )  't  
■%- <5^ 1 -  i i r H  fx - fc )
J  M °
Z K- x i  . ( X I o )
S im ila r ly
¥e th en  in te r c h a n g e  SC and £  in  ( I I . 5 ) and su b tr a c t  th e  
r e s u l t  from ( I I . 5 ) to  o b ta in
f  ol Z   -
j  ft -* ) '1
t
~ -  .< T T  C x ~
(II.
s in c e
Appendix III
An evaluation of certain integrate involving Bessel functions.
In  t h i s  appendix th e  e v a lu a t io n  o f  
©o
z  J u )
1 - , 2  W
3C “ ^
o
( i l l . l )
i s  co n s id e r e d  where ^  M-f and /OCw© ^  
L et u s c o n s id e r
2. 2. VU AA
12. ~  ^
( I I I . 2 )
where - I  < imH-a < Z  and i s  a con tou r a lo n g  th e  e n t ir e  r e a l  a x is  
ap art from id e n t a t io n s  above 2 ^ 0 ,  =^X . On accou n t o f  th e  
a sy m p to tic  b eh a v io u r  o f  th e  Hankel fu n c t io n  and th e  range o f  /M.-k-w 
th e  con tou r can be deform ed to  i n f i n i t y  in  th e  p o s i t i v e  im aginary  
p art o f  th e  com plex Z  — p lan e to  g iv e
z  >~ MMI H  c u z ' )  J  ( A - z ^ g )  A -z
.  W*. AA
z  -  >LX
( I I I . 3 )
In  v iew  o f  th e  range o f  aa^ h-/w -the c o n tr ib u t io n  o f  th e  in d e n ta t io n  
about the o r ig in  v a n is h e s  as i t s  r a d iu s  sh r in k s  to  z e r o . The 
c o n tr ib u t io n s  from th e  s im p le  p o le s  2 = ^ X -  are c a lc u la te d  in  th e  
u su a l way. Thus
~ "TTx, x  
X
\M .4W  / *  ^  CO ~ -
i ( ^ 4 * \ - n > T T  I } C 0  ‘-ir\~ r’r ,  * * )
— r |  < y x «  ^  v ) C *X  OUa 0  & /  /^  V* A
( h i . 4 )
, H} * -jf  -vTTi.jCO -V>TT< T “
S in ce  p ^ t x ^  ) - e Hv(x^ -2<* Jpfx^  and 
T v ( ~ l i1p> ■* ^ lV ir 3 ^ o O  we may w r ite  ( i l l . 4 ) s-s
0 0  ____
I — i _ i H 4' H™ C o ^ ~ 3 y <XO u*© lr) (A2 .  = 
J  Z l  -  x>-
= ATncw+A ( Ci+e’r'Tt^  H'Vx'i J (<**/3i*©> -
-  2.^ , J^ Gxx/Qi*©) /
(III.5)
/W  i s  a p o s i t i v e  in t e g e r  we o b ta in
„ x. •/ *•
X .  “  TZo
qI-2 =
Appendix IV
-An evaluation of certain integrals needed in section 5*8
( i )  Let
~  4 Let
- i -  ~ I €  cXi
J tI
I
( X V . l )
I n te g r a t in g  by p a r ts  f* -  t im es  shows th a t
5 . /
X . c ^  -  p C } ( ± i c )
r f w . + 0  r c * -* o
( I V .2 )
But
00
G o o cfc  c l t  ±  Z I c lt
T Jt t
00
= -  ci ( (O •+ 1 S i CO
*  -  £ i ( ± A O
00
= - *  +  L  c  ±  £ £  -  Z  ( * * < 0103 1
J *  2- rvc*! /M. . V*A
( i v . 3)
* ( =where X 1^ -= 0 .5772156649  /  T o iler 's  c o n s ta n t .  Thus we have
.*1 ±iZ SVLJL O.^  — 2^. Z  a  L c f "  r u - d - aMHMM • --- I  ..... ....WIIB.IHWW _>■■■< —  ■— I--—
s = l  f C ^ O
-  ( ± j £ t  Ei(±ic)
f1 (siA. H-l)
where h i  i s  th e  e x p o n e n t ia l - in t e g r a l  fu n c t io n .
O i ) C onsider now
,«o - ic b
olt.
¥ e  s e t  u= )+t and in t e g r a t e  hy p a r ts  A°- t im es
( I V .4 )
(iv.5)
'vv
H = Ct c I (-(c)£-‘ Y U - ^ t )  +
where C  ( %. ), S  ( oc ) are the Fresnel integrals defined by
and
•’Now
and
where
r e p r e s
C  o o  = I <jcr>e at.
X
S  = | JL
TT
t  a t .
O  CZ} — -c .^... t-^rP
(17.8)
£ r P c z ^  *  r c B  -  V c ^ z * ^
(17.9)
I* ( c X j Z  ) i s  an in co m p le te  gamma fu n c t io n  w ith  th e  s e r i e s  
s t a t i o n
c o
W CV%V\x.rra,€^ = rfa'i -  c-o
-* -= o  p a  ! ( a - U O
Hence u s in g  f i r s t  ( I Y .8 )  and then  ( I V .7 ) wo f in d
and so
. c o -vCU .e 0 d =  ^  T C ^ U c )
(17 .10)
✓w
H  ^  =  e ' t c  Z  ( - * o  r u - s + ' - o  +
s= i * . * + *
+  r m  « {s ^  r r t ,  ^  
e *  rr*-*fc)
( 1 7 .1 1 )
( i i i ) C onsider
H.  =
oO£>
~ i c t
( 1 7 .1 2 )
Now
y , (2> = - JL. C c r * 2  j  Y j & -  S t  
TTE * VttE
where X ( 4 )  i s  a B e s s e l  fu n c t io n  o f  th e  second  k in d . Hence
we w r ite
H. = -  C T f
,£ o
2   (  ) i  CcO + 1 ( c O  )  c l t
f c - l
(17 .13)
Prom Gradshteyn and Kyzliik (6.531?2)
f-X> Joe = 7T /  COo  -<X ( ‘ fe^V Tr (" -t (a£> )  f
*-\CclV> H - 2 a * W W  V C CoXw - J  fc J ft)  
t i v  U v  v
( I V .-14)
( &J Ck>0 J ) ,  where y * ( - z  ) j  ( * z ) are  B e s s e l
f u n c t io n s ,  4£TV (* g  ) i s  a-Weber fu n c t io n  and 2  ) an Anger
fu n c t io n .  U sin g  t h i s  r e s u l t  we s e e  th a t
H ■- Of,-  l-irc IT  +  *• CO
J — cotr ( X tJ oo ( i v . 15)
where th e  p r in c ip a l  v a lu e  o f  th e  in t e g r a l  on th e  r ig h t  hand s id e  
i s  ta k en . In  t h i s  in t e g r a l  we s e t  and th en  ( n o t in g  th a t
we are in t e r e s t e d  in  sm a ll c ) expand th e  e x p o n e n tia l fu n c t io n  
as a power s e r i e s .  Hence
- l e t
M  =
C o
« - z
St^  s ' .  c/„ 3CX - 1
oJLX.
OO s ~ i
s-^>
+  C - O s S?rq 
*2- d -
( IV .16)
Thus w r it in g
/ T c - i O  -  f  H r f  t  s n f e 5 ' - ' 11
S = o  s( 2 .S - i^ - |
s ~  t
we f in d
TT* l i r e7 ( 4 CCi )  +
3 ' ( t ^ )
O
( i v ) Let
~n  c -
^  - i c t
£ ____. a-
vvt ^
p
\ . ( t
S p l i t t i n g  th e  in teg ra n d  in to  p a r t ia l  f r a c t io n s  9 where
> n -
+  f l - « f  )  / s  ! 
5 = .  * 6 '  o + t r 41"5
(IV .17)
( I V .1 8 )
( IV .19)
( cT =• O  .o  <x* A &  - / ) ,  , /?
A C O  1 £ > 0  *■ /  *
are c o n s ta n ts  , g iv e s
/vw* Oo
j l  ? r v m .  <= Z !  ^  J c w o  * -j-
S -!  J , £ 5
VI
+  c - 0 * ^ ,0 0  “f  Z T  0 “ ^
S ri 1
( IV .20)
We' w r ite
jH  M'O r ( CLtL?fc ^  <At.
3 Jl t*"
( IV .21)
and in t e g r a t e  t>y p a r ts  to  g iv e
z C ^ c v o  «  f  cAT n f 0 ^ - e < c t ]  +
* ^  p o v + o  L cAt**1 -J t* /
Now
+ '_ !_ . \  M .  J _
rcMi) J, z- ^
* /  ^ -C ct/  r u t ) V rj cAt
( IV .22)
. oo
J L ^ K / r K t ) V Ct)cAl- =
, t / n  /
w
_ < r
where are constants. IToting that
00  u  . .  t *  C
j  e 0+ t r J L  r. cicj
e r ( t z c c )  W c l <
-  H , c $ > .  +  « . t C
( IV .24)
we se e  th a t
yyy.
i w  = I  ru4i-t) hft^e^Y +
'?=l r ^ + 0  W t* ’ 1 A - i
S /  LC-lTOL
+  _ l _  /  r  x  ( a . v <v «o  + e ‘%ru-+»\t*° 1 & .
- 1  H.fj-o )
Jr|
( I V .25 )
Thus
A H .
u c  (v^jyC) ■= 5T o< ~ j~ 2 ( s - o  +  C“ 0  h ^ i oS  3
£=l
V\s~
+  2 _  o - £  )  A  Ht c*~-s )
S*l W o  / S  '
( IV .26)
( A ll  th e  d e f in i t i o n s  o f  fu n c t io n s  used  in  t h i s  appendix  were ta k en
from E I U )
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